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Recently, exotic superconductivity emerging from a spin-and-valley-polarized metallic phase has been ob-
served in rhombohedral tetralayer graphene. To explain this finding, we study the role of electron-electron
interactions in determining flavor symmetry breaking, using the Hartree Fock (HF) approximation, and also
superconductivity driven by repulsive interactions. Though mean field HF correctly predicts the isospin flavors
and reproduces the experimental phase diagram, it overestimates the band renormalization near the Fermi energy
and suppresses superconducting instabilities. To address this, we introduce a physically motivated scheme that
includes internal screening in the HF calculation. Superconductivity arises in the spin-valley polarized phase
for a range of electric fields and electron doping. Our findings reproduce the experimental observations and
reveal a p-wave, finite-momentum, time-reversal symmetry broken superconducting state, encouraging further
investigation into exotic phases in graphene multilayers.

Introduction. – Narrow-band multilayer graphene systems,
both with and without moiré structures, host an abundance of
sought-after strongly-correlated states of matter such as inte-
ger and fractional quantum anomalous Hall effects and uncon-
ventional superconductivity [1–20]. These materials are ap-
pealing both from a theoretical perspective, due to the richness
of their phase diagrams, and from the experimental one, due
to their in situ tunability by applying displacement fields and
varying the carrier density [21, 22]. Recently, superconduc-
tivity has been observed in rhombohedral tetralayer graphene
(RTLG) both upon electron and hole doping [19, 20]. Interest-
ingly, on the electron side [19], there are strong indications
that the highest critical temperature pocket (Tc ∼ 200 mK)
emerges from a quarter metal phase, where both spin and
valley are polarized. This suggests a highly exotic, possibly
chiral, superconducting state that breaks time-reversal sym-
metry and possesses a finite center-of-mass-momentum order
parameter.

The phase diagrams of rhombohedral multilayers have been
addressed in numerous theoretical studies [23–42]. In partic-
ular, recent experiments [19, 20] have also inspired several
theoretical investigations [35–38, 43–45], suggesting super-
conductivity arises from electronic, long-range Coulomb in-
teractions, screened within the Random Phase Approxima-
tion (RPA). This mechanism has previously proven successful
for Bernal bilayer graphene (BBG) and rhombohedral trilayer
graphene [26, 28, 29].

Remarkably, superconductivity has been found in highly
different scenarios. In Refs. [36–38], calculations are done
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using the bare bands of RTLG, which show significant trig-
onal warping. These works find good agreement with the
experiment, even though trigonal warping may induce pair-
breaking effects, possibly detrimental to superconductivity.
In Ref. [35], warping effects are neglected, and the results
closely match experimental observations as well. Interactions
are expected to renormalize bands and reduce the effects of
trigonal warping, supporting this approach. The obtained su-
perconducting order parameters differ between these two sce-
narios, raising the question: how should band renormalization
be incorporated?

Interaction-induced band structure renormalization may
significantly impact superconductivity, not only due to trig-
onal warping. Most notably, the density of states (DOS), cru-
cial for superconductivity due to the exponential dependence
of Tc on it, could be strongly altered. For instance, within
the Hartree-Fock (HF) approximation with Coulomb interac-
tion, the DOS vanishes at the Fermi energy [46], eliminating
the Cooper instability entirely. While this effect arises from
the divergence of the Coulomb interaction at q = 0, even a
double-gated Coulomb interaction, which is regular at q = 0,
might overestimate the reduction in DOS, potentially leading
to unrealistically low values of Tc.

The above effects of band renormalization impact the po-
larization function and, in turn, the obtained RPA-screened
Coulomb potential. These can significantly influence the re-
sulting superconducting state and, in some cases, determine
whether superconductivity occurs at all. Therefore, to accu-
rately study superconductivity, it is essential to carefully ac-
count for band renormalization.

In this Letter, we develop a new method for accounting for
the effects of band renormalization in superconductivity cal-
culations, which we name screened Hartree Fock (sHF). In ad-
dition, we perform HF calculations to obtain a phase diagram
for electron-doped RTLG at high displacement fields. Our re-
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Figure 1. Hartree-Fock phase diagram. (a) Self-consistently cal-
culated HF phase diagram, showing M1/4, M1/2 and M1 phases as
a function of the external displacement field (∆D) and electronic
density (ne). The purple region at low densities and high displace-
ment fields highlights schematically where the nem-M1/4 is expected
to emerge. In (c), we show the calculated phase boundary between
M1/4 and nem-M1/4 in the region indicated by a dashed rectangle in
(a). (b) Representative Fermi surfaces at the same point in parameter
space indicated by the yellow and blue stars in (c) solutions with and
without C3 symmetry breaking.

sults are in good agreement with experimental findings [19],
and we verify that the normal state surrounding SC1 of [19]
is indeed a quarter-metal. Finally, we use our new approach
to obtain the superconducting critical temperature and order
parameter.

Superconductivity is strongly influenced by residual trigo-
nal warping, with a leading p-wave order parameter emerg-
ing over a range of electron doping and displacement fields
that align with experimental observations, as shown in Fig. 3.
Furthermore, the critical temperatures obtained with this ap-
proach match the experimental results in Ref. [19]. This con-
trasts with the significantly different values found when inter-
actions are not included.

Screened Hartree Fock Scheme. – HF is a variational
method, that minimizes over the energy, and is hence good for
determining the normal ground state energy and extracting the
phase diagram. However, it has the drawback of overestimat-
ing the reduction of the DOS at the Fermi energy, resulting in
an unrealistic suppression of Tc. In the next lines, we describe
the calculations that we have performed in order to overcome
this issue and to correctly describe both the phase diagram and
the superconducting phases found in the experimental mea-
surements [19]. Our approach consists of two interdependent
calculations, first we study the HF phase diagram and then we
analyze the superconducting properties.

We start by briefly describing our calculations (for more
details see section II of the supplemental material (SM) [47]).
After building a continuum model for RTLG, we can write the
two-particle Coulomb interaction as

V̂C =
1

2Ω

∑
k,p,q,α,α′

V0(q)ĉ
†
α,k+qĉ

†
α′,p−qĉα′,pĉα,k, (1)

Figure 2. Screened HF diagram. Diagrammatic representation of
the screened Hartree-Fock procedure used for the calculations of su-
perconductivity. Double (single) arrowed lines correspond to inter-
acting (bare) Green functions, wavy lines correspond to interactions
mediated by the bare Coulomb potential and the bubbles correspond
to electron-hole pairs.

where ĉ and ĉ† correspond to the annihilation and creation
fermionic operators, respectively. The double-gated screened
Coulomb potential is given by

V0(q) =
2πe2

ϵc|q|
tanh (dg|q|), (2)

with e the electron charge, ϵc = 10 the dielectric constant
associated with encapsulating the system in hexagonal boron
nitride (hBN), and dg = 20 nm is the distance to the gates.

Now we tackle the superconductivity calculations within a
diagrammatic method in the spirit of the Kohn-Luttinger (KL)
mechanism [48, 49]. Based on the HF results, we consider the
emergence of superconductivity in the quarter-metal polarized
phase. As we have said before, to get correct values for the
DOS, as shown in Fig. 2, we introduce screening from the bare
bands and recalculate the HF potential (for more details see
sections III and VII of the SM [47] which include a scheme of
the procedure).

We use the zero-frequency susceptibility of the bare bands
at T = 0, Π0, to compute the screened potential

VRPA
0 (q) =

V0(q)

1−Π0(q)V0(q)
. (3)

We then perform a mean-field calculation by solving the self-
consistent equation of the green function with VRPA

0 (q) and
obtain the energies and wave functions, ϵ̃q and ψ̃q. These so-
lutions are introduced in a temperature-dependent susceptibil-
ity, Π̃, which we use to calculate the modified screened poten-
tial

Ṽ(q) = V0(q)

1− Π̃(q)V0(q)
. (4)

To avoid double counting we use in Eq. (4) V0(q) rather
than VRPA

0 (q). The temperature-dependent screened potential
Ṽ(q) is used in the gap equation for the kernel Γ,

∆(k) =
∑
q

Γ(k,q)∆(q). (5)

The critical temperature and order parameter (OP) are ob-
tained when the largest eigenvalue of Γ reaches unity.

Results. – The HF calculation produces the phase dia-
gram shown in Fig. 1(a). We identify four different phases.
(i) The C3-symmetry-broken nem-M1/4 phase, characterized
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Figure 3. Superconductivity critical temperature. Superconduct-
ing critical temperature, Tc, as a function of displacement and elec-
tron filling in the M1/4 phase. The colored regions indicate differ-
ent Fermi surface shapes. Black dashed lines mark Lifshitz transi-
tions, between different shapes of the fermi surfaces (see section IV
SM [47]). A representative Fermi surface is displayed within each
region. The yellow star indicates the parameters used for the calcula-
tion of the superconducting order parameter (OP) shown in Fig. 4(a-
b).

by a Fermi surface with only one pocket in one spin-valley
flavor, see Fig. 1(b), appears at low densities and high dis-
placement fields. (ii) The C3-symmetric M1/4 phase arises at
higher densities and lower displacement fields. (iii) The spin-
polarized M1/2 phase follows. (iv) Finally, the symmetric M1

phase emerges at the highest densities. The resulting phase di-
agram, including the presence of the M1/4 phase at low den-
sities, aligns well with the experimental observations reported
in Ref. [19], where the quarter-metal phase is flanked diago-
nally by other phases. Interestingly, as shown in Fig. 1(b) and
Fig. 1(c), allowing for broken C3 symmetry in the HF calcula-
tions we find the additional nem-M1/4 phase at low densities.
Fig. 1(b) illustrates a representative Fermi surface transition
from three pockets to a single pocket.

These results can be rationalized as follows: In the absence
of interactions, the bands near the valley momenta are very
flat and exhibit significant trigonal deformations. Beyond a
crossover momentum, away from the center of the valley, the
bands become more dispersive and isotropic. Since exchange
interactions occur between occupied states with the same spin
and valley indices, for low densities this effects dominates and
Stoner instabilities [50] are favored and the M1/4 is the ground
state. The tendency of exchange to minimize Fermi surface
area (see Sec. VIII in SM [47]) then leads to spontaneous
breaking of C3 and the emergence of the nem-M1/4 as shown
in Fig. 1(b) and (c). The exchange coupling between two occu-
pied states is proportional to the square of the overlap between
the states involved. As a result, the Fermi surface becomes
more isotropic, and trigonal effects are suppressed. There-
fore, as the electronic density is increased, the dispersion is
no longer negligible and the competition with the exchange
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Figure 4. Superconducting order parameter. Order parameter of
the leading eigenvalue in the screened Hartree-Fock superconductiv-
ity calculations. (a) Normalized magnitude of the order parameters
and (b) its corresponding phase. The Fermi surface is indicated by
solid white and black lines in each panel, respectively. Calculations
were made at values ∆D = 137.5 meV and ne = 6.01× 1011cm−2

with Tc = 80 mK, marked in Fig. 3 as a yellow star.

interaction leads first to the spin-polarized (M1/2) state and,
at higher densities, to an unpolarized symmetric (M1) phase.

Now we turn our attention towards the superconducting
phases found in electron-doped RTLG [19]. Fig. 3 is the most
important result of our work. We display the superconducting
critical temperature of electron-doped RTLG as a function of
electron filling and displacement field. It should be noted that
the entire range of displacement fields and doping of Fig. 3
is in the range where the quarter-metal (M1/4 ) state appears
in the parent state of Fig. 1. The superconducting sleeve that
we find qualitatively matches the principal superconducting
dome (so-called SC1) observed in Ref. [19] and closely fol-
lows the line of transition between annular and circular Fermi
surfaces (see Sec. IV and Fig. S5 in SM [47]). These Lifshitz
transitions and their associated narrow bands have previously
been observed to be highly beneficial for superconductivity
in numerous systems [51] and possibly crucial for the anal-
ysis of SC1 in electron-doped RTLG [35]. These transitions
are present and occur smoothly in the bare bands, as well as
in the RPA-screened HF bands. However, in the non-screened
HF bands, the chemical potential bypasses the Lifshitz transi-
tion, effectively eliminating it and suppressing the formation
of any superconducting state (see Sec. VII and VII in SM [47]
for further details).

The superconducting OP is shown in Fig. 4, for a repre-
sentative state, indicated by a yellow star in Fig. 3. We show
our order parameter exhibits a p-wave symmetry, is nodal and
complex (see Sec. XI in SM [47]) [52]. Notably, when super-
imposing the corresponding Fermi surface (continuous lines),
we find that the order parameter is not pinned to the Fermi sur-
face. This feature has also been found in twisted systems [34].
The p-wave OP which commonly occurs at smaller electron
density, closely matches results from previous studies [35–
38, 47].

Discussion on the emergence of superconductivity.– We re-
call that in our approach, for the emergence of a supercon-
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ducting state, we consider a pairing mechanism based on
the screened Coulomb interaction, Ṽ (q), which is repulsive
for all values of q. Superconductivity may arise in the zero-
frequency limit, ω → 0, if two key conditions are met. First,
the order parameter, ∆(k) changes sign as a function of k.
Second, for sufficiently large values of q the screened inter-
action must satisfy the inequality Ṽ(q) > Ṽ(q = 0) > 0
(see section VI of the SM [47]). These criteria allow for su-
perconductivity when the values of ∆(k) and ∆(k+ q) have
opposite signs for a sufficient number of combinations of k
and q. This criterion is satisfied in our calculations (see Sec.
IV in SM [47]). The RPA calculation performed here leads to
an electron polarizability such that limq→0,ω→0 Π̃(q, iω) =

D(ϵF ), so that limq→0,ω→0 Ṽ(q, iω) = D−1(ϵF ), where
D(ϵF ) is the density of states at the Fermi energy. Supercon-
ductivity arises when, at least for some values of q, Π̃(q ̸=
0, 0) ≤ Π̃(q = 0, 0) [53, 54]. The value of Π̃(q, 0) de-
pends on the form factors |⟨k+q|k⟩|2, (band indices omitted).
Hence, superconductivity is enhanced when |⟨k + q|k⟩|2 ≪
|⟨k|k⟩|2 = 1. This difference increases in the presence of
trigonal warping, while it is suppressed by the exchange in-
teraction. This analysis is related to the quantum metric of the
band [44, 55, 56]. As a consequence, when the calculation of
superconductivity is carried out starting from the bare bands,
the critical temperatures are generally overestimated (see Sec.
V and Fig. S6 in SM [47]), whereas when interactions are
included, as we have done here, the results are in better agree-
ment with experiments.

On the other hand, the bands in the valley polarized phases
show trigonal deformations around the center of the valley.
This implies that ϵk ̸= ϵ−k. As a result, a BCS weak cou-
pling analysis of the pairing does not lead to the well-known
Cooper instability, and it is not guaranteed that a finite super-
conducting critical temperature can be defined irrespective of
the strength of the pairing interaction. The situation is rem-
iniscent of a conventional superconductor in the presence of
pair-breaking defects [57–59]. In addition, pairing is favored
between electrons with ϵk ≈ ϵ−k, so that the order parameter
∆(−k) need not to be restricted to momenta near the Fermi
surface. This effect explains the de-pinning of ∆(k) from the
Fermi surface shown in Fig. 4 and its approximate C6 symme-
try.

Conclusions.– The origin of superconductivity and other
strongly correlated phases in graphene stacks remains a
formidable enigma. However, ever-increasing evidence points
to an electronic pairing mechanism for the superconducting
phases. Unconventional, electron-mediated mechanisms, in
which the screened Coulomb interaction acts as the pairing
glue, has previously demonstrated reasonable success in re-
producing experimental observations in both twisted [27, 34,
60–70] and non-twisted stacks [24, 27–29, 71] with a mini-
mal number of tunable parameters. Electron-mediated mech-
anisms have also been invoked to describe the superconduct-
ing quarter-metal states observed in rhombohedral tetralayer
graphene [35–38]. Here, we take a further step by first ana-
lyzing the stability of the quarter-metal phase as a function of
the electron doping and external potential via the HF approx-

imation, and then, solving the linearized gap equation within
the interacting model, which accounts for the sHF renormal-
ized band structure. It is worth noting that the HF phase di-
agram that we find, which contains a nematic quarter metal,
an ordinary quarter metal, a half metal and a full metal phase,
is in good agreement with the experiment of Ref. [19]. This
allows us to predict the parent state for the superconducting
phase. We would like to emphasize that this is in contrast
to the non-interacting scenario where the parent state is as-
sumed but not actually calculated and, moreover, Tc is over-
estimated by an order of magnitude. Furthermore, the super-
conducting phenomenology we obtain also matches the ex-
periment both in terms of the critical temperature and the
electronic densities at which the superconducting region ap-
pears. As the predicted superconducting state is simultane-
ously finite-momentum (occurring within a single pocket near
either K or K′ valleys) and intrinsically time-reversal and
inversion symmetry breaking, we expect a sizable diode ef-
fect related to the critical current intensities IL/IR, where
L,R refer to the direction of the applied current relative to
the principle axes of the Fermi surface pockets [72]. Nematic-
ity may also be accessed by a multi-terminal probe or optical
response [73], similar to recent experiments on transport in
topological magnets [74, 75]. It is possible that in the finite-
momentum state any fluctuations, such as those related to the
spontaneous breaking of K,K′ degeneracy may act as pair-
breaking [76, 77] excitations. This fact may explain the tele-
graphic noise in Rxx observed in Ref. [19].

The order parameters revealed by our calculations are sim-
ilar to the ones predicted when starting from the bare band
structure [35–37]: it shows predominantly a p-wave symme-
try, with suppressed contribution of higher harmonics across
electronic density and displacement field. The precise struc-
ture of the order parameter can be determined through photo-
conductivity measurements [73]; any reduction of symmetry
below C6, such as for a p wave would lead to a dramatic in-
crease of photoconductivity in response to normal-incidence
light. In all scenarios, the photoconductivity is non-vanishing
due to the ground state being inversion and time-reversal sym-
metry broken.

Our work shows that including interactions is crucial for
understanding and correctly describing the experimental re-
sults in graphene multilayers, paving the way towards the un-
derstanding of the microscopic phenomena behind the forma-
tion of such exotic phases.
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I. CONTINUUM MODEL OF RHOMBOHEDRAL TETRALAYER GRAPHENE

Based on models for the electronic structure of graphite [78, 79], the bands of rhombohedral multilayers have been extensively
studied since the isolation of graphene [80–85]. In Fig. S1 we display the lattice structure of ABCA tetralayer graphene, each
unit cell consists of eight carbon atoms, two per layer, connected through hopping amplitudes γi. The continuum Hamiltonian is
given by

H =



∆D/2 + δd v0π
† v4π

† v3π 0 γ2/2 0 0
v0π ∆D/2 γ1 v4π

† 0 0 0 0
v4π γ1 ∆D/6 v0π

† v4π
† v3π 0 γ2/2

v3π
† v4π v0π ∆D/6 γ1 v4π

† 0 0
0 0 v4π γ1 −∆D/6 v0π

† v4π
† v3π

γ2/2 0 v3π
† v4π v0π −∆D/6 γ1 v4π

†

0 0 0 0 v4π γ1 −∆D/2 v0π
†

0 0 γ2/2 0 v3π
† v4π v0π −∆D/2 + δd


, (S1)

where π = ξkx + iky with ξ = ±1 the valley index and vi =
√
3
2 aγi with a = 2.46 Å the lattice constant of graphene [86]. The

parameter ∆D takes into account an external displacement field and δd encodes an on-site potential which is only present at sites
A1 and B4 since these two atoms do not have a nearest neighbor on the adjacent layer. The parameters are given in Table. I.

γ0 γ1 γ2 γ3 γ4 δd
3.1 0.38 −0.015 −0.29 −0.141 −0.0105

Table I. Model parameters. Values taken from Refs. [87, 88] and are quoted in electronvolts.

Figure S1. Lattice structure of ABCA tetralayer graphene with a representation of the hopping parameters between carbon atoms. The dis-
placement field, ∆D, acting in each layer is also indicated. δd is the on-site energy at the corresponding site.

II. HARTREE-FOCK FORMALISM FOR ISOSPIN-POLARIZED PHASES

In this section, we write the interacting Hamiltonian and provide details on the Hartree-Fock calculation. We work with plane-
wave basis states ⟨r |ψα,k⟩ = Ω−1/2eik·r |α⟩, where α is a multi-index label that includes valley ν, spin s, sublattice σ, and layer
ℓ, and Ω is the area of the entire system. We completely ignore intervalley scattering in the non-interacting limit; so these basis
states can be taken to be orthonormal ⟨ψα,k |ψα′,k′⟩ = ⟨α |α′⟩Ω−1

∫
Ω
d2re−i(k−k′)·r = δα,α′δk,k′ . The single-particle kinetic

energy is Ĥ0 =
∑

k,α,α′ ĉ
†
α,kKα,α′

(k)ĉα′,k, where Kα,α′
(k) = ⟨ψα,k| Ĥ0 |ψα′,k⟩ is the non-interacting Hamiltonian matrix and

ĉ†α,k creates |ψα,k⟩ . The two-particle Coulomb interaction is

V̂C =
1

2Ω

∑
k,p,q,α,α′

V0 (q) ĉ
†
α,k+qĉ

†
α′,p−qĉα′,pĉα,k. (S2)

with a bare Coulomb potential given by a symmetric dual-gate potential

V0(q) =
2πe2

ϵ|q|
tanh (dg|q|), (S3)
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Figure S2. Sketch of possible self energy diagrams which modify the non interacting electron bands. (a) Fock diagram for the HF phase
diagram calculations. (b) RPA renormalized Fock diagram for the superconductivity calculations.

with e the electron charge, ϵ = 10 the dielectric constant associated to encapsulating the system in hBN and dg = 20 nm is the
distance from the active material to the gates.

Via a mean-field decoupling, we approximate the Coulomb potential energy as

V̂C ≈ 1

Ω

∑
k,α

V0 (0)
∑
p,α′

⟨ĉ†α′,pĉα′,p⟩

 ĉ†α,kĉα,k − 1

Ω

∑
k,α,α′

[∑
p

V0 (p− k) ⟨ĉ†α′,pĉα,p⟩

]
ĉ†α,kĉα′,k. (S4)

In this form of the Coulomb potential, we have assumed that the final Slater determinant state preserves lattice translational
symmetries. Hence, the Hartree and Fock terms are both diagonal in k. To simplify notation, we introduce the following Hartree
and Fock matrices

Hαα′
= +

δα,α′

Ω
V0(0)

∑
p,β

Dββ(p) and Fαα′
(k) = − 1

Ω

∑
p

V0 (p− k)Dαα′
(p). (S5)

Here, we have defined a density matrix Dαα′
(k) = ⟨ĉ†α′,kĉα,k⟩; we draw attention to the order of the indices in our definition

of the density matrix [89]. Explicitly, the matrix elements can be calculated from the coefficients of the one-particle eigenstates
Dαα′

(k) =
∑

n∈occupied ϕ
(n)
α,kϕ

(n)∗
α′,k,where the eigenstates are |Ψn,k⟩ =

∑
α ϕ

(n)
α,k |ψα,k⟩ and n labels band index. Normalization

requires
∑

α

∣∣∣ϕ(n)α,k

∣∣∣2 = 1. The mean-field Hamiltonian now includes both the non-interacting part and the new Hartree and Fock
terms

ĤHF =
∑

k,α,α′

ĉ†α,k

[
Kαα′

(k) + Hαα′
+ Fαα′

(k)
]
ĉα′,k. (S6)

As usual, we observe that both the Hartree and Fock terms require knowledge of the occupied wavefunctions; in particular, the
Fock term is highly nonlocal. On the other hand, the Hartree term is just proportional to the identity matrix and depends only on
the overall number density since Ntotal = Ω−1

∑
p,β Dββ(p) is just the total electron number (this relies on the assumption that

the Coulomb potential carries no internal indices like layer). We must solve this Hamiltonian iteratively until convergence. The
eigenvalues of ĤHF |ψHF

n ⟩ = εHF
n |ψHF

n ⟩ are not real energies but are merely Lagrange multipliers. Nonetheless, they are helpful
in finding the energy of the Hartree-Fock ground state |ΩHF⟩ as well as the energy of the first excited state due to Koopmans
theorem. The total energy of a Hartree-Fock state is:

EΩ = ⟨ΩHF|
(
K̂ + V̂C

)
|ΩHF⟩ = Tr

[(
K +

H
2
+

F
2

)
D

]
(S7)

where the trace is over both internal indices and momentum. Factors of 1
2 in this expression are important to note. The absolute

value of the energy of the ground state EΩ can be arbitrarily shifted. Therefore, it is more meaningful to compare it to the energy
of a definite reference state. At a particular filling, we choose the reference state to be the symmetric ground state with equal
population in all valley-spin flavors, denoted by ĒΩ. Thus, the quantity to be extremized is then ∆E = EΩ−ĒΩ. In our calculation
we include only the Fock term (schematically shown in Fig. S5(a) since the Hartree term only leads to a rigid shift of the band
structure and, therefore, it does not contribute to the energy difference landscape.

III. KOHN-LUTTINGER SHF FORMALISM FOR SUPERCONDUCTIVITY

We consider the emergence of superconductivity in the quarter-metal (non-nematic) polarized phase. We adopt a diagrammatic
method based on the Kohn-Luttinger (KL) mechanism [48, 49], which has previously shown good agreement with experimental
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results for both twisted [34, 63, 70, 90], untwisted systems [26, 28, 29, 91–94] and it has also been employed in highly doped
monolayer graphene [95]. In contrast to the actual KL mechanism which considers different second ordered processes to screen
the Coulomb potential, our approach focuses on a single process (electron-hole excitations, bubble diagram) which is summed
to infinite order via RPA, see Fig. S3(b).

Figure S3. Diagrammatic representation of (a) Bethe-Salpeter equation and (b) RPA screened interaction that defines the kernel Γ according
to Eq. (S20).

Although, the Hartree-Fock approximation has been widely used to study the phase diagram of graphene stacks, as it provides
a reliable estimate of the total energies of the different phases. However, it also leads to an increase in the band width and a
reduction of the Fermi-level density of states. This effect is most extreme for Coulomb interaction, where the density of states
vanishes logarithmically in two and three dimensions [46]. This nonphysical feature of the HF bands significantly influences the
results of calculations involving excited states. In particular, it suppresses the Cooper instability which allows for the existence
of superconductivity in metals in the weak coupling regime. This problem does not arise if the Coulomb interaction is screened
by external metallic gates, or when the requirement of finite grids for the calculation imposes a finite cutoff for small momenta.
These two cases reduce the validity of the calculation of superconducting critical temperatures, as its value is either a non intrinsic
property, dependent on the external environment, or it changes with the accuracy of the calculation. To avoid these issues we use
a combined approach which is summarized in Fig. S4 and schematically shown in Fig. S2. We explain in detail in this section.

First, we consider the non-interacting energies and wave functions, ϵ0 and ψ0, to construct the zero-frequency susceptibility
at T=0,

Π0(q) =
1

Ω

∑
k,m,n

Θ(ϵ0n,k)−Θ(ϵ0m,k+q)

ϵ0n,k − ϵ0m,k+q

∣∣⟨ψ0
m,k+q|ψ0

n,k⟩
∣∣2, (S8)

where Θ(ϵ0n,k) is the Heaviside step function and ϵ0n,k = E0
n,k − µ with µ being the Fermi energy, E0

n,k are the eigenvalues and
Ψn,k the eigenvectors of the non-interacting Hamiltonian, eq. S1, and Ω is the area of the system.

Next, we incorporate a screened interaction at T=0, to compute the electronic self-energy, analogous to the GW method used
in band structure calculations.

V0
RPA(q) =

V0(q)

1−Π0(q)V0(q)
, (S9)

where V0 is the dual gate Coulomb potential given by S3. We then perform a mean-field calculation by solving HF self-
consistently with the screened potential, V0

RPA,and obtain ϵ̃HF and ψ̃HF. These solutions are introduced in a temperature-
dependent susceptibility, Π̃,

Π̃(q) =
1

Ω

∑
k,m,n

f(ϵ̃n,k)− f(ϵ̃m,k+q)

ϵ̃n,k − ϵ̃m,k+q

∣∣∣⟨ψ̃m,k+q|ψ̃n,k⟩
∣∣∣2, (S10)

where m,n are band indexes, f is the Fermi-Dirac distribution and ϵ̃n,k = Ẽn,k − µ with µ being the Fermi energy, Ẽn,k are
the eigenvalues, ψ̃n,k the eigenvectors of the interacting system.
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1. Dual gate Coulomb 
potential

3. T=0 Susceptiblity

2. Non interacting 
Hamiltonian

4. Non interacting RPA screened potential

5. Self consistent HF iterative loop

6. T dependent Susceptiblity

7. Interacting RPA screened potential

8. Interacting kernel

9. Interacting gap equation

Figure S4. Workflow scheme of the screened Hartree-Fock plus superconductivity calculation for the results shown in Fig. 3 and Fig. 4.

Building upon the resulting sHF band structure, ϵ̃ and ψ̃, we proceed with the analysis of superconductivity where the pairing
potential responsible for Cooper pair formation is the dual gate Coulomb potential, eq. S3, effectively screened by electron-hole
excitations of the interacting system given by

Ṽ(q) = V0(q)

1− Π̃(q)V0(q)
. (S11)

It is important to note that this approach avoids double-counting the screening effects for the superconducting states.
Finally, we solve the linearized gap equation to characterize the superconducting state. To compute the critical temperature

(Tc) and order parameter (OP) we solve the linearized gap equation given by

∆ij(k) = −kBT
Ω

∑
q,iω

Ṽ(k− q)
∑
i′,j′

Gi,i′

0 (q, iω)Gj,j′

0 (−q,−iω)∆i′,j′(q), (S12)

where G0 is the electron Green function. Then, the electron Green function takes the form,

Gi,j
0 (k,±iω) =

∑
n

ϕ̃in(k)ϕ̃
j,∗
n (k)

iω ∓ ϵ̃n,k
, (S13)

where the index n, i, j labels the band, sublattice and layer, respectively. We shall recall that ϵ̃n,k = En,k − µ and ϕ̃n(k)
correspond to the energies and eigenfunctions of the interacting system, i.e. ϵ̃n,k and ψ̃n,k. Introducing the definition in Eq. (S13)
into Eq. (S12) leads to

∆ij(k) =
kBT

Ω

∑
q,iω

Ṽ(k− q)
∑
i′,j′

∑
n,m

ϕ̃in(q)ϕ̃
i′,∗
n (q)

iω − ϵ̃n,q

ϕ̃jm(−q)ϕ̃j
′,∗

m (−q)

iω + ϵ̃m,−q
∆i′,j′(q). (S14)

The Matsubara sum can be carried out using∑
iω

1

iω − ϵ̃n,q

1

iω + ϵ̃m,−q
=

1

kBT

f(−ϵ̃m,−q)− f(ϵ̃n,q)

ϵ̃n,q + ϵ̃m,−q
, (S15)

which leads to

∆ij(k) = − 1

Ω

∑
q

Ṽ(k− q)
∑
i′,j′

∑
n,m

ϕ̃in(q)ϕ̃
i′,∗
n (q)ϕ̃jm(−q)ϕ̃j

′,∗
m (−q)

f(−ϵ̃m,−q)− f(ϵ̃n,q)

ϵ̃n,q + ϵ̃m,−q
∆i′,j′(q),

= − 1

Ω

∑
q

Ṽ(k− q)
∑
n,m

f(−ϵ̃m,−q)− f(ϵ̃n,q)

ϵ̃n,q + ϵ̃m,−q
ϕ̃in(q)ϕ̃

j
m(−q)

∑
i′,j′

ϕ̃i
′,∗
n (q)ϕ̃j

′,∗
m (−q)∆i′,j′(q).

(S16)
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We now project the above equation onto the band basis by defining

∆nm(k) =
∑
ij

ϕ̃i,∗n (k)ϕ̃j,∗m (−k)

√
f(−ϵ̃m,−k)− f(ϵ̃n,k)

ϵ̃n,k + ϵ̃m,−k
∆i,j(k), (S17)

and obtain

∆n1m1
(k) = − 1

Ω

∑
q,n,m

Ṽ(k− q)

√
f(−ϵ̃m1,−k)− f(ϵ̃n1,k)

ϵ̃n1,k + ϵ̃m1,−k

√
f(−ϵ̃m,−q)− f(ϵ̃n,q)

ϵ̃n,q + ϵ̃m,−q

×
∑
ij

ϕ̃in(q)ϕ̃
i,∗
n1
(k)ϕ̃jm(−q)ϕ̃j,∗m1

(−k)∆nm(q).

(S18)

Therefore, the gap equation may be written as an eigenvalue problem

∆n1m1
(k) =

∑
q,n,m

Γn1m1,n,m(k,q)∆nm(q), (S19)

where the kernel is given by

Γn1m1,n,m(k,q) = −Ṽ(k− q)

Ω

√
f(−ϵ̃m1,−k)− f(ϵ̃n1,k)

ϵ̃n1,k + ϵ̃m1,−k

√
f(−ϵ̃m,−q)− f(ϵ̃n,q)

ϵ̃n,q + ϵ̃m,−q

× ⟨Ψ∗
n1,kΨ

∗
m1,−k⟩⟨Ψn,qΨm,−q⟩.

(S20)

In the calculations, we fix the phase of the wave functions so that the first component (A1) is real. Hence, the kernel is then given
by

Γn1m1,n,m(k,q) = −Ṽ(k− q)

Ω

√
f(−ϵ̃m1,−k)− f(ϵ̃n1,k)

ϵ̃n1,k + ϵ̃m1,−k

√
f(−ϵ̃m,−q)− f(ϵ̃n,q)

ϵ̃n,q + ϵ̃m,−q

× e−i(−θk+θq−θ−k+θ−q)⟨Ψn1,k|Ψn,q⟩⟨Ψm1,−k|Ψm,−q⟩.

(S21)

By diagonalizing the kernel as a function of the temperature and the Fermi energy, we identify the onset of superconductivity
as when its leading eigenvalue takes a value of 1. We would like to emphasize that this involves recalculating the screened
Coulomb potential, Ṽ(q), as a function of the temperature within the RPA (eq. S11), using the energies and wave functions of
the interacting system, ϵ̃n,k and ψ̃n,k.

IV. FERMI SURFACE TOPOLOGY

Figure S5 illustrates the variation in the Fermi surface topology as a function of the displacement field and electronic density
for the non-interacting case, Fig. S5(a), and the sHF case, Fig. S5(b). The color scheme represents specific Fermi surface shapes,
as indicated in Fig. S5(c). In order to differentiate the different topologies we make use of the C3 symmetry of the energy
eigenvalues and numerically obtain the number of times the Fermi Surface crosses three high symmetry axis along the Brillouin
Zone, shown in black arrows in Fig. S5(c). This method provides an scalar number that we use to distinguish the different
Fermi surfaces and hence the different colors. Orange and yellow regions are intermediate shapes between annular and circular
Fermi surfaces that appear when pockets merge within each other right at the transition. Therefore, the boundaries between each
colored region correspond to Lifshitz transitions.

In the green region of both panels, the Fermi surface consists of a single, quasi-circular pocket slightly distorted by trigonal
warping. As the displacement field increases and at different densities, a series of Lifshitz transitions occurs, leading to distinct
Fermi surface topologies. In the transition from green to purple, the Fermi surface changes from a quasi-circular pocket to four
pockets. Further increasing the displacement field results in a second transition, where the Fermi surface evolves from four
pockets to three enlarged pockets. At intermediate densities (with respect to the density window in each panel), the blue region
corresponds to an annular-shaped Fermi surface. In the transition from blue to green, some regions, colored in orange and not
shown in Fig. S5(c), represent intermediate topologies between circular and annular. For very large electronic densities, the
circular Fermi surface becomes dominant.
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Figure S5. Topology of the Fermi surfaces as a function of the external electric field and the electronic density for (a) the non-interacting
model and (b) interacting model (sHF). (c) Representative Fermi surfaces at external potential, ∆D , and electron density, ne, pointed out by
the colored squares in (a). Yellow and orange regions in panels (a) and (b) are intermediate regions where the Fermi surface is between annular
and circular.
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Figure S6. Superconductivity in the non-interacting system. (a) Critical temperature as a function of the displacement field and electronic
density. (b) Order parameter in the non-interacting model at external potential ∆D = 135 meV and electron density ne = 0.38 × 1012cm−2

marked by a star in (a). In this case the OP is complex featuring a winding phase.

V. RESULTS FOR SUPERCONDUCTIVITY IN THE NON-INTERACTING MODEL

Figure S6 presents the superconductivity calculations for the non-interacting single-valley system. We followed the standard
procedure used in our previous works [26–29, 95]. These non-interacting results align with those reported in earlier studies [35–
38]. Specifically, the variation in the critical temperature shown in Fig.S6(a) is consistent with the findings of Yang et al. [37].
Similarly, the p-wave intravalley order parameter depicted in Fig. S6(b) closely matches the results reported by Geier et al. [35].
The maximum critical temperature is about 2.5 K with a dielectric constant ϵ = 6. Note that this large critical temperature is
obtained for a single flavor calculation as in Ref. [28, 29]. Note that, as described in the main text and in the following sections,
a full self-consistent Fock calculations is required to obtain the polarized phases and the corresponding superconducting states.

VI. RESULTS FOR THE SHF SCREENED POTENTIAL

In Figure S7 we show the screened potential obtained with Eq. S11. The Coulomb potential is screened by the interacting
HF bands. The potential has a minimum at the center and rapidly increases for large momenta. As described in the main text
and in our previous works for twisted [34, 63, 90] and non-twisted systems [26, 28, 29, 91, 92], this condition is favorable for
the emergence of a superconducting state. We have checked that our sHF calculations are converged with a discretization of the
grid in reciprocal space of Nk ∼ 12000 k-points. Panel on the left (right) correspond to the superconducting states in the top
(bottom) panels of Fig. 1.
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Figure S7. Screened Coulomb potential for the superconducting state indicated by a star in Fig. 3 with corresponding order parameter shown
in Fig. 4.

VII. BAND DISPERSION AND INTERACTIONS AT LOW DENSITIES

It is instructive to expand the band structure of the conduction band at low momenta, k → 0, which determines the properties
at low densities. Following [82] we write an effective 2× 2 hamiltonian:

Heff
k =

(
VE X(k)

X∗(k) −VE

)
, (S22)

where VE is a potential difference between the two effective layers and

X(k) ≈ vF γ2
γ1

|k|eiϕk + 3
v23
γ1

|k|2e−2iϕk +
v2F v3
γ21

|k|3eiϕk +
v4F
γ31

|k|4e4iϕk , (S23)

and vF = (3γ0a)/2 and v3 = (3γ3a)/2 and a is the distance between nearest neighbor sites. We can rewrite X(k) as:

X(k) = α|k|eiϕk + α
|k|2

k0
e−2iϕk + 3α

|k|3

k0k1
eiϕk + α

|k|4

k0k21
e4iϕk , (S24)

where:

α =
vF γ2
γ1

,

k0 =
vF γ2
v23

,

k1 =
v3γ1
v2F

. (S25)

Using the parameters in [82] and VE = 25 meV, we find:

k1
k0

=
v33γ1
v3F γ2

≈ 0.02 (S26)

The fact that k1 ≪ k0 implies that the function X(k) shows a crossover:

X(k) ≈

{ vfγ2

γ1
|k|eiϕk |k| ≪ kc,

v4
F

γ3
1
|k|4e4iϕk kc ≪ |k|,

(S27)
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where kc ≈ (k0k
2
1)

1/3. There is a region around |k| ∼ kc with a more complicated dispersion, and where trigonal effects are
relevant. The density associated to kc, ρc = k2c/(4π) (assuming that a single flavor is occupied) is ρ ≈ 3.7 × 1011cm−2. For
|k| ≪ kc the band dispersion is approximately given by:

ϵk ≈

√
V 2
E +

(
vF γ2
γ1

)2

|k|2 ≈ VE +
1

2VE

(
vF γ2
γ1

)2

|k|2 + · · · (S28)

Thus, at low densities,ρ ≪ ρc, the band is quadratic, and the system resembles a two-dimensional electron gas. We assume hat
the electron-electron interactions can be described by a Coulomb potential with effective coupling e2/ϵ. Then, we can quantify
the relation between the kinetic and interaction energy by a dimensionless parameter rs. We obtain

rs =
ϵ

e2
2

VE

(
γ0γ2
γ1

)2 √
π

ρ
, (S29)

where for ρ = ρc we obtain rs = 26, so that the system is in the strongly correlated regime.
The two-dimensional electron gas at low values of rs has been extensively studied. It is not clear, however if a polarized phase

exists in this regime. Numerical studies favor a transition from a paramagnetic metal to a Wigner crystal [96]. For completeness,
we recall aspects of the Hartree-Fock solution: The size and shape of the Fermi surface does not change in a self-consistent
Hartree-Fock analysis. It is a circle of radius kF = 2

√
πρ, where ρ is the density, and we consider that a single electron flavor is

occupied. We assume that, at low densities, changes in the wave functions can be neglected, so that form factors are equal to 1.
Then, the kinetic and the Fock energies per unit area can be written as:

Ekin =
1

2π

(
vF γ2
γ1

)2
1

2VE

∫ 2π

0

dθ

∫ kF

0

dkk × k2 = αk4F ,

Eex = −e
2k3F
8ϵ

∫ 1

0

udu

∫ 1

0

u′du′
∫ 2π

0

uu′dθ√
u2 + u′2 + 2uu′ cos(θ)

= −e
2k3F
24ϵ

= −βk3F . (S30)

For a system where N flavors are partially filled, the total energy is:

EN
tot = α

N

N4/2
k4F − β

N

N3/2
k3F (S31)

where, as before, the value of kF is referred to the density when a single flavor is occupied. The system will be spontaneously
polarized when E1

tot ≤ EN
tot. This happens for:

kF ≤
√
N√

N + 1

β

α
(S32)

For N = 4 we find that flavor polarization is favored for densities such that ρ ≤ 7.9 × 1012cm−1. At these densities the
expansion of the dispersion to second order in momentum is not valid. This result implies that flavor polarization will be favored
throughout the entire region where the expansion is justified.

The contribution of the Fock term to the energy bands is:

ϵexk =
e2kF
2ϵ

fex

(
|k|
kF

)
(S33)

where:

fex(x) = −x
∫ 2π

0

dθ

∫ 1/x

0

dx′
x′√

1 + x′2 + 2x′ cos(θ)
(S34)

where:

fex(0) = −2π

fex(1) = −4

lim
x→∞

fex(x) = 0 (S35)

The function fex(x) is plotted in Fig. S8. The value of ∂fex(x)/∂x diverges logarithmically as x → 1. As a result, the density
of states of the Hartree-Fock bands goes to zero as |k| → kF . This implies that there is no Cooper instability, so that a weak
coupling BCS analysis does not lead to pairing, irrespective of the mechanism.
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Figure S8. Function fex(k/kF ) which determines the dispersion of the Hartree-Fock bands at low densities, see text.

It is worth noting that this logarithmic singularity in the velocity at the Fermi surface is a general property of the HF ap-
proximation. Let us consider a point k close to the Fermi surface. The most singular part of the integral which describes the
exchange contribution to the Fock self-energy of a state with momentum k comes from the occupied states k′ ∈ SF such that
|⃗k − k⃗′| ≪ kF where SF is the Fermi surface, and kF is a scale associated to the size of the Fermi surface. In order to take into
account the most singular contribution to the self-energy, we approximate the Fermi surface near k by a straight line along the
ky axis, between points −Λ1 ≤ ky ≤ Λ2, where Λ1 and λ2 are cutoffs of order kF . We consider a point k = (kx, 0). Then the
contribution of the region around k to the self-energy can be written as:

δϵF (kx, 0) ≈ − e2

2πϵ

∫ Λx

0

dk′x

∫ Λ2

−Λ1

dk′y√
(kx − k′x)2 + k′2y

∝

∝ − e2

2πϵ

∫ Λx

0

dk′x

[
sinh−1

(
Λ2

|kx − k′x|

)
+ sinh−1

(
Λ1

|kx − k′x|

)]
∼

∼ −e
2|kx|
2πϵ

[
log

(
Λ2

|kx|

)
+ log

(
Λ1

|kx|

)]
+ · · · (S36)

where Λx ∼ kF , and, for sufficiently close k,k′ we can assume |⟨k|k′⟩|2 ≈ 1. This generic presence of a singularity in the
velocity at the Fermi surface makes the Hartree-Fock bands unreliable for the calculation of excited states.

VIII. SMOOTHENING FERMI SURFACE WITH NON-SCREENED HARTREE FOCK BANDS

A common feature of the Fock term is the smoothing of the Fermi surface. To see this, note that the Fock energy may be
written as − 1

2

∑
k,q V (q) |Λk (q) |2fkfk+q with Λ the form factor. Typically, the interaction V (q) is maximal at q = 0 and so

are the form factors, since Λk (0) = 1. Hence, the Fock energy is dominated by small q terms. Let us simplify the problem by
considering these terms only. Suppose some state k is occupied, i.e., fk ≈ 1 To minimize the Fock energy, states in its vicinity
should be occupied as well. Alternatively, the Fermi surface, which is the interface between occupied and unoccupied regions,
should be minimized. The total number of occupied states, the volume of the Fermi sea, is set by the density, n =

∫
ddk
(2π)d

fk.
Hence, the minimization of the Fock energy is equivalent to the construction a shape of minimal surface with a given volume.
Therefore, we conclude that non-screened exchange terms tend to produce smoother, more circularly symmetric Fermi surfaces.

IX. TRIGONAL WARPING AND GAPLESS SUPERCONDUCTIVITY

After a self-consistent calculation of the superconducting gap, ∆(k), the calculation of the quasiparticle bands using the
Bogoliubov-de Gennes equations is reduced to the calculation of the eigenvalues of a 2× 2 matrix:

H
BdG
k =

(
ϵek ∆(k)

∆∗(k) −ϵh−k

)
(S37)

where ϵek and ϵh−k are the energies of electrons and holes in the normal phase measured with respect to the Fermi energy µ. In the
absence of trigonal warping, the values of k for which ϵek = 0 and ϵhk = 0 are the same. As a result, the quasiparticle energies in
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the superconducting phase show a gap equal to 2|∆(k)|, as shown in Fig. S9(a). In the presence of trigonal warping, the values
ke and kh where ϵeke

= 0 and ϵhkh
= 0 are not the same, as shown in Fig. S9(b) and (c). For sufficiently small values of |∆(k)|,

the quasiparticle spectrum in the superconducting phase is gapless, as sketched in Fig. S9.

Figure S9. Top: Sketch of the Fermi surface in systems (a) without, and (b) and (c) with trigonal distortion. Bottom: Quasiparticle dispersion
in the normal (red and blue lines) and superconducting phase (green line). (a) No trigonal distortion. Isotropic Fermi surface. Gapped quasi-
particles in the superconducting phase. (b) Trigonal distortion. Anisotropic Fermi surface. Large superconducting gap. Gapped quasiparticles
in the superconducting phase. (c) Trigonal distortion. Anisotropic Fermi surface. Small superconducting gap. Gapless quasiparticles in the
superconducting phase.

X. SUPERCONDUCTIVITY DUE TO ELECTRON-PHONON COUPLING

We analyze further possible mechanisms for superconductivity in quarter filled rhombohedral graphene tetralayers. We study
here the coupling to optical phonons, as the electron-phonon coupling to acoustical phonons goes to zero as

√
|q| for low

momenta q → 0. Simple tight binding arguments suggest that the phonons more strongly coupled to electrons are the LO and
TO phonons at Γ and the TO phonons at K. In the tight binding the electron-phonon coupling has the same value for these
three modes [97, 98]. The TO phonons at K induce intervalley transitions, which do not exist in a valley polarized phase. In
graphene, band structure calculations give a value for the dimensionless coupling between electrons and optical phonons [99]
of λ(n) = 5.05 × 10−9

√
n cm where n is the electron density. We can get an estimate of the value of this parameter in a

rhombohedral tetralayer by multiplying this value by 2/3, in order to take into account the absence of K phonons, and replacing
the density of states of graphene by the density of states of the parabolic bands which approximate the small q dispersion in the
tetralayer, as discussed previously. As the density of states of a 2D parabolic band is constant, we get λ ≈ 0.1, independent of
density.

XI. FOURIER EXPANSION OF THE ORDER PARAMETER

We can extract the symmetry of the order parameter by performing a Fourier decomposition of it as

∆(k) =
∑
l

∆l(|k|)eilθk , (S38)

with θk = atan2(ky/kx). The Fourier coefficients are given by

∆l(|k|) =
1

N|k|

∑
|k|=|k′|

∆(k′)e−ilθk′ , (S39)

where N|k| is the number of points included in the contour of constant |k|. The results of performing such an analysis to the
complex OP shown in Fig. 4 are given in Fig. S10(a). First, we find that the largest component for any |k| is l = +1, which
confirms the p-wave nature of the OP seen as a counterclockwise phase winding shown in Fig. 4(b). However, unlike in a strictly
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p-wave superconductor, the OP contains radial modulation in |k| and peaks around |k| ≈ 0.065 nm−1 and |k| ≈ 0.3 nm−1.
Furthermore, additional Fourier harmonics beyond l = +1 are also present due to the angular modulation of the magnitude
of the OP. In particular, when we factor out the largest angular dependence ∆(k) = eiθk

[∑
l ∆l(|k|)ei(l−1)θk

]
, we find that,

up to an overall |k|-independent phase, the term in the bracket is approximately real. This requires ∆l(|k|) ≈ ∆−l+2(|k|)∗.
Consequently, we find that the next largest Fourier components contributing to the OP are l = −5, 7, and they have approximately
equal amplitude as required. Also, we notice that these two components peak at |k| ≈ 0.065 nm−1 and |k| ≈ 0.3 nm−1 too
because at those values of |k|, the OP has an approximate six-fold symmetry in its magnitude. In the region between |k| ≈ 0.2
nm−1 and |k| ≈ 0.3 nm−1, the l = −5, 7 components are suppressed relative to the l = +1 component because the OP has
much less variation in its amplitude. The l = −2, 4 components are allowed by C3 symmetry, but they are greatly suppressed due
to the emergent C6 symmetry. Numerically, we find that the l = −2, 4 components are much smaller than the other l = −5, 1, 7
components but they are definitely much larger than machine precision of zero, confirming that C6 is not actually a symmetry of
the system and is only approximate. On the other hand, the other components that are prohibited by C3, we find, are numerically
exactly zero to machine precision.

Finally, in order to reveal the nodal character of the order parameter, we also compute the following quantity:

Q(k) =
√
(Ek − µ)2 +∆(k)2. (S40)

This quantity has the form of the quasiparticle spectrum. However, since we have only computed the order parameter at Tc,∆(k)
is not actually the gap parameter but should be proportional to it. Because of that, we can infer the nodes of the quasiparticle
spectrum from the nodes of Q(k). This quantity Q(k) computed with ∆(k) in Fig. 4 is shown in Fig. S10(b). We note that several
approximate zeroes appear in Q(k) at k on the Fermi surface related by C6 symmetry. These nodes, of course, correspond to
the nodes in ∆(k). Therefore, as far as we can ascertain numerically on a finite mesh, the order parameter shown in Fig. 4
corresponds to a gapless superconductor.

Figure S10. (a) Fourier coefficients for the OP as a function of the norm of the k-points in the grid. (b) Quantity Q(k) calculated from the OP.
Here, the OP refers to that in Fig. 4.
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