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The recent observed anomalous Hall effect in magic angle twisted bilayer graphene (TBG) aligned
to hexagonal boron nitride (hBN) and unconventional ferroelectricity in Bernal bilayer graphene
sandwiched by hBN present a new platform to tune the correlated properties in graphene systems.
In these graphene-based moiré superlattices, the aligned hBN substrate plays an important role. In
this paper, we analyze the effects of hBN substrate on the band structure of the TBG. By means
of an atomistic tight-binding model we calculate the electronic properties of TBG suspended and
encapsulated with hBN. Interestingly, we found that the physical properties of TBG are extremely
sensitive to the presence of hBN and they may be completely different if TBG is suspended or encap-
sulated. We quantify these differences by analysing their electronic properties and band topology.
We found that the narrow bandwidth, band gap and local density of states are significantly modified
by the aligned hBN substrates. Interestingly, these electronic properties can be used as a signature
of the alignment in experiment. Moreover, the TBG/hBN superlattices in the presence or absence
of the two-fold rotation symmetry response differently to the external electric field. For the TBG
suspended in the hBN, application of an electric field results in the charge unevenly distributed
between graphene layers, which can be used to tune the strength of the valley Hall effect or the
anomalous Hall effect. Such rich topological phase diagram in these systems may be useful for
experiments.

I. INTRODUCTION

Since the discovery of unconventional superconductiv-
ity and correlation effects in twisted bilayer graphene
(TBG) near the magic angle by Cao et al. [1, 2], the
so-called field of “twistronics” has become of great inter-
est to the condensed matter community [3]. In this magic
angle at approximately 1.1◦ [4], the system possesses flat
bands near charge neutrality, which are responsible for
most of these exotic behaviors. Interestingly, not only
two graphene layers have been twisted, but also transi-
tion metal dichalcogenides [5, 6], monochalcogenides [7],
hexagonal boron nitride (hBN) [8, 9] and black phospho-
rus [10], among others. Similar to the TBG, flat bands
are observed in most of these twisted two-dimensional
(2D) materials.

Experimentally, the devices are usually supported on
a substrate which is typically a thin sample of hBN [11].
Although hBN has a large gap and has been thought to
have a small impact on the electronic properties of the
materials which are supporting, it is not the case. As
we have shown recently [12] (see also [13–16]), hBN has
an important effect on the electronic properties of TBG,
when the sample is either supported or encapsulated. We
have found that when the sample is placed on top of hBN
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a gap opens due to the appearance of a mass term as a
consequence of the breaking of C2 symmetry [12, 17]. Fur-
thermore, a splitting in the bands appears due to layer
degeneracy breaking. In fact, hBN affects the electronic
properties of TBG even when the angle between TBG
and hBN is far from alignment. When TBG is encap-
sulated between two layers of hBN the layer degeneracy
can be recovered for certain angles, while the gap still ap-
pears. In a typical experimental setup, an electric field
is usually applied to the samples in order to change their
doping which could also modulate the electric structures
of the samples [18, 19]. Therefore, the study of the elec-
tronic such as the local density of states (LDOS) of TBG
in combination with a substrate and when an electric
field is applied is very compelling.

In this work, we extend our previous study to inves-
tigate the aforementioned properties in both the case of
TBG supported and encapsulated between hBN layers.
In Sec. II we describe the atomic structure of our system
and the methods that we employ to perform our calcula-
tions. Then, in Sec. III the layer degeneracy in electronic
properties like LDOS and charge density distribution are
studied. In Sec. IV we explore the response of these sys-
tems to an external field. In Sec. V we study the effect
of encapsulating TBG on its band topology. Finally, we
give a summary and discussion of our work.
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II. ATOMIC STRUCTURES AND NUMERICAL
METHODS

A. The Atomic structures

In this work, we mainly focus on two structures. The
first one is a trilayer system composed of TBG and a
hBN layer lying on the bottom (TBG/hBN). The second
one is a sandwich-like system where TBG is encapsu-
lated by two hBN layers (hBN/TBG/hBN). TBG and
hBN can be stacked in different ways to have commensu-
rate structures [20]. In our case, we start by construct-
ing an unrotated trilayer structure, where graphene and
hBN bonds are parallel and the center of the supercell
has an AAA stacking with a carbon site of graphene and
a nitrogen (N) site of hBN sharing the same in-plane
position, (x, y) = (0, 0). Then we rotate the top layer
graphene (Gtop) and bottom layer hBN (hBNbot) with
angles θtbg and θbot with respect to the bottom layer
graphene (Gbot), respectively. In our notation, positive
angles correspond to counterclockwise rotations.

We define the lattice vectors of a hexagonal lattice as
a1 = a(

√
3/2, 1/2) and a2 = a(

√
3/2,−1/2) being a the

lattice constant. For graphene ag = 0.246 nm, and for
hBN ahBN = 0.2503 nm. The lattice mismatch between
graphene and hBN is δ ≈ 1.8%. The twist angle of TBG
can be solely determined by a coprime integer pair (m,n)

θtbg = 2 arcsin
(m− n)

2
√
m2 +mn+ n2

, (1)

with moiré length

Ltbg =
ag(n−m)

2| sin (θtbg/2)|
= ag

√
m2 +mn+ n2. (2)

The moiré length of the Gbot/hBNbot superlattice is [11]

LhBN =
(1 + δ)ag√

δ2 + 2(1 + δ)(1− cos θbot)
. (3)

A commensurate structure of TBG/hBN is obtained
when

Ltbg/hBN = Ltbg = qLhBN (4)

where q is an integer. We focus on a system where
θtbg = 1.05◦ and θbot = 0.53◦. For this angle combina-
tion, the periodicity of the moiré pattern of TBG is iden-
tical to that constructed by hBN and Gbot, and therefore
a single moiré unit cell can be defined for the combined
system [17, 21]. That is, the three moiré lengths have
the same value Ltbg/hBN = Ltbg = LhBN = 13.4 nm,
and q = 1. To construct the hBN/TBG/hBN structure,
we just add a second hBN layer (hBNtop) on the top of
the trilayer structure, the twist angle between hBNtop
and Gbot is also θtop = 0.53◦. It is important to note
that, in order to keep the periodicity of these struc-
tures, the lattice constant of hBN is slightly modified.

In our case, this implies a strain of about 0.14%. Such
a small value of strain will not affect the structural or
electronic properties of hBN, which, therefore, will not
change the properties of the TBG/hBN systems that we
study in this work [12]. The schematics of TBG/hBN and
hBN/TBG/hBN are shown in Fig. 1(a) and Fig. 2(a), re-
spectively.

B. The tight-binding model

We adopt a combination of semi-classical molecular dy-
namics and a tight-binding (TB) model to investigate the
electronic properties of TBG/hBN and hBN/TBG/hBN
structures. After constructing a commensurate supercell,
we use semi-classical molecular dynamics, which is imple-
mented in LAMMPS [22], to fully (both in-plane and out-
of-plane) relax the graphene layers in the two systems.
For intralayer interaction between graphene, we use the
reactive empirical bond order potential (REBO) [23].
For interlayer interaction between graphene, we use the
registry-dependent Kolmogorov-Crespi (RDKC) poten-
tial developed for graphite [24]. We use the same RDKC
potential for the C-B and C-N interlayer interaction, but
with different strengths. The interaction strength of C-B
and C-N are 60% and 200% with respect to the original
C-C interaction, respectively [25]. The hBN layers are
fixed in a flat configuration to mimic a bulk or a few lay-
ers of substrate. We assume that the relaxed structures
keep the periodicity of the rigid cases.

The full TB Hamiltonian for graphene and hBN het-
erostructure can be written as [12]

Ĥ =−
∑
i,j

t(Ri −Rj) |Ri〉 〈Rj |+
∑
i

ε(Ri) |Ri〉 〈Ri|

(5)

+
∑
i

VD(Ri) |Ri〉 〈Ri| ,

where Ri and |Ri〉 represent the atom position and the
atomic state at site i, respectively, t(Ri−Rj) is the trans-
fer integral between the atomic states at sites i and j,
ε(Ri) encodes the carbon, boron and nitrogen onsite en-
ergies and VD(Ri) is the deformation potential resulting
from the structural relaxation. For the onsite energy of
boron, nitrogen and carbon atoms, we assume [26]:

εB = 3.34 eV, εN = −1.40 eV, εC = 0 eV (6)

The lattice deformation leads to the emergence of peri-
odic scalar and gauge potentials [27–33]. All these effects
can be accurately considered in our TB model. To incor-
porate the relaxation effect into Hamiltonian in Eq. (5),
we introduce the deformation potential term as [25]:

VD(Ri) = g1
S(Ri)− S0

S0
, (7)

where the screened deformation potential g1 = 4 eV [34],
S(Ri) is the effective area of site i that is modulated
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by local deformations, and S0 =
√

3a/4 is the effective
area in equilibrium. For the transfer integral, we simply
adopt the common Slater-Koster-type function for any
combination of atomic species [26]:

−t(R) = Vppπ[1−
(
R · ez
R

)2

] + Vppσ

(
R · ez
R

)2

, (8)

where

Vppπ = V 0
ppπe

−R−a0
r0 , (9)

Vppσ = V 0
ppσe

−R−d0
r0 . (10)

In the above equation, ez is the unit vector perpendicu-
lar to the graphene plane, R = |R|, a0 = ag/

√
3 ≈ 0.142

nm is the C-C distance, d0 = 0.335 nm is the interlayer
distance, V 0

ppπ and V 0
ppσ are the intralayer and interlayer

transfer integrals between nearest neighbor atoms, re-
spectively. We take V 0

ppπ ≈ −2.7 eV, V 0
ppσ ≈ 0.48 eV.

The parameter r0 is the decay length of the transfer in-
tegral and is chosen as 0.184ag so that the next nearest
intralayer coupling becomes 0.1V 0

ppπ. For atoms whose
distance is more than 0.6 nm, we set t(R) = 0 since
for larger distances the value of hopping energy is small
enough to be safely neglected.

C. The electronic properties

Once the TB Hamiltonian is constructed, we can cal-
culate the electronic properties of the TBG/hBN su-
perlattices. Since the TBG/hBN and hBN/TBG/hBN
structures contain tens of thousands of atoms, we use a
tight-binding propagation method (TBPM) to obtain the
density of states (DOS). The TBPM is based on the nu-
merical solution of the time-dependent Schrödinger equa-
tion and requires no diagonalization processes, which is
implemented in our home-made TBPLaS simulator [35–
37]. In TBPM, a random initial state |φ0〉 is used with
〈φ0|φ0〉 = 1. The density of states is calculated as a
Fourier transform of the time-dependent correlation func-
tion

D(E) =
1

2π

∫ +∞

−∞
eiEτ 〈φ0|e−iHτ/~|φ0〉dτ (11)

In the TBPM, the convergence can be guaranteed by av-
eraging over different initial states |φ0〉. For large enough
systems, the results are converged with only one random
initial state. The LDOS is obtained via the recursion
method in real space based on the Lanczos algorithm [38].
The eigenstates and eigenvalues are obtained by direct
diagonalization of the Hamiltonian in Eq. (5).

III. TBG HETEROSTRUCTURES

A. TBG supported on hBN

In free standing TBG, the layer degree of freedom is
disentangled from spin and valley, forming eight-fold de-
generacy in the low energy flat bands. As shown in Fig.
5, the conduction and valence flat bands are connected
by Dirac points at the K and K’ points of the moiré Bril-
louin zones (mBZ). These Dirac points are protected by
C2T symmetry, where C2 is the two-fold rotation opera-
tor and T is the time–reversal operator. If C2T is broken,
the Dirac points will become gapped. As we discussed in
our previous work [12], in a TBG/hBN superlattice, the
hBN substrate introduces two contributions to the TBG
system: the first one is the energy difference between
nitrogen and boron atoms. This gives rise to different
adhesion energies in the TBG/hBN system and breaks
the C2 inversion symmetry, which is the main source of
this mass gap. The second contribution is the lattice re-
laxation effects that give rise to a deformation potential
and a pseudo-magnetic field [39]. Such relaxation effect
ensures the persistence of a gap opening in the Dirac
point for angles between TBG and hBN far from align-
ment [40].

The substrate effects can be clearly observed in the
band structure shown in Fig. 1(b). Narrow bands are
separated by a gap of around 30 meV due to the breaking
of C2 symmetry [40–51]. This first gap (energy difference
between the flat bands at K) is reduced when the angle
θbot increased [12]. Moreover, the presence of a substrate
acting on a single graphene layer breaks the mirror sym-
metry between layers and their Dirac cones are shifted
in energy. This layer degeneracy breaking is responsible
for the observed splitting between narrow bands. This
splitting is more obvious in the remote bands located at
around ±0.1 eV. As we will discuss later, a perpendicu-
lar electric field will further increase this splitting. The
narrow bands show a significant electron-hole asymme-
try due to the strong superlattice potential induced by
the hBN. Compared to TBG (see Fig. 5) the flat bands
become dispersive and the peaks in the DOS of the TBG
at charge neutrality are smoothed giving rise to an insu-
lating structure in Fig. 1(b). In graphene/hBN superlat-
tices, secondary Dirac cones appear at higher energies,
which can be attributed to the moiré potential [25]. In
the TBG/hBN structure that we study, the periodicity
of the moiré pattern is 14 nm. This entails the secondary
Dirac cones to be located at around 0.14 eV (outlined
by a dashed rectangle in Fig. 1(b)). The states of the
induced Dirac cones are mainly localized at the ABC
or ACB stacking regions (the results not shown here),
which is similar to the results of graphene/hBN super-
lattices [25].

The hBN substrate also significantly modifies the local
properties of the TBG/hBN superlattice. In free stand-
ing TBG (see Fig. 5), the flat band states are mainly
localized in both sublattices A and B around the AA
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FIG. 1. (a) Top (upper panel) and side (lower panel) views of the trilayer structure. The center of the top view has an AAA
high-symmetry stacking, where the carbon atom of both graphene layers and the nitrogen atom of hBN share the same in-plane
position. Sublattices A and B of graphene are specified. The high-symmetry stackings of AAA, ABC and ACB are outlined
with black, red and purple circles, respectively. (b) Band structure and density of states of the trilayer structure. The black
arrows indicate various significant optical transitions. (c) Local density of states of sublattices A and B in the AAA stacking
region. The LDOS of atoms from top (upper panel) and bottom (lower panel) graphene layers are plotted separately. (d)
Eigenstates |ψ|2 in real space. The eigenstates are calculated by diagonalizing the Hamiltonian in Eq. (5). The corresponding
energies C1, C2 and C3 of these eigenstates are illustrated in (b).

stacking regions. If we look at the calculated LDOS of
sublattices A and B at the AAA stacking region, as shown
in Fig. 1(c), the peak in the sublattice B is lower than
that of the sublattice A in the bottom layer. This is due
to the role that hBN is playing as a substrate. The hBN
substrate breaks the sublattice symmetry in the Gbot,
making the LDOS peaks in the sublattice B lower than
the sublattice A. On the contrary, the hBN substrate
has negligible influence on the top layer. The states from
Gtop and Gbot contribute unequally to the conduction
band and valence band, which is the natural result of
the breaking of the layer degeneracy. In some works, the
hBN substrate effect on the TBG is introduced via an ef-
fective periodic potential acting on the nearest graphene
layer [26, 27]. Our results indicate again that this ap-
proach is also correct. We also plot the real space wave
function of the narrow bands. Different from the TBG
case shown in Fig. 5, where states in the narrow bands
are localized around the AA centers. In the presence of
hBN we observe some states localized in the ABC or ACB
stacking regions. That is, a small part of states from the
C1 band are localized in the ACB region (see labels in
Fig. 1(b)), whereas some states from the C2 band are in
the ABC region. Such difference is a consequence of the

substrate potential that redistribute the charges within
the moiré unit cell. The states from a higher energy of
C3 are mainly localized in the ACB region of the bottom
layer.

B. TBG encapsulated in hBN

We now consider a tetralayer structure where, as shown
in Fig. 2(a), TBG is encapsulated by two hBN layers. As
described in our previous work [12] there are several pos-
sible stacking configurations for the tetralayer structure
(see also [20]). In this work we choose the twist angle and
stacking configuration such that the mirror symmetry be-
tween layers is recovered, this is given by the condition
|θbot| = |θtop|. Therefore, we could tune the layer de-
generacy by adding or removing one of the hBN layers
(as we will describe in the following section, an electric
field can also be used to tune the layer degeneracy). It
is important to mention that the breaking of the layer
degeneracy is because the Dirac cones in each graphene
layer are being affected by their nearest hBN layer. A
direct consequence of recovering the layer degeneracy is
the disappearance of the splitting in the flat bands, as
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FIG. 2. (a) Top (upper panel) and side (lower panel) views of the tetralayer structure. The center of the top view is the AAAA
high-symmetry stacking, which has the carbon atoms of graphene and nitrogen atoms of hBN share the same in-plane position.
The high-symmetry stackings of AAAA, ABCA and ACBA are outlined by purple, red and green circles, respectively. (b)
Band structure and density of states of tetralayer structure. The black arrows indicate various significant optical transitions.
(c) Local density of states of sites in the AAAA stacking region. (d) Eigenstates |ψ|2 in real space. The corresponding energies,
C1, C2 and C3 of these eigenstates are illustrated in (b).

we can see from the comparison between the band struc-
ture in Fig. 1(b) with that in Fig. 2(b). The splitting
does not only disappear in the narrow bands near the
Fermi level, but also in the high energy bands, indicat-
ing an intrinsic change in the electronic structure of the
encapsulated structure. Compared with TBG, both mid-
dle bands become narrower. The gap between the lower
narrow bands has a value of around 50 meV. Moreover,
as we can see from the LDOS calculation, Fig. 2(c),
the states from Gtop and Gbot contribute equally to both
narrow bands. Another noteworthy result is that the
states of both bands have different contributions from
different sublattices. That is, both the top and bot-
tom layers have a different sublattice charge distribu-
tion, with the LDOS peaks of the sublattice B lower than
the sublattice A. Regarding the charge density maps in
Fig. 2(d) and compared to the TBG/hBN superlattice,
the states of the narrow bands become more localized
in the AAAA regions, forming a triangular shape with
smaller area. Moreover, the states of the two upper nar-
row bands have a quite similar localization in real space.
For some other tetralayer structures, for example, struc-
tures without mirror symmetry as those discussed in our
previous work [12], the splitting of the flat bands is pre-

served. Since the sublattice asymmetry is induced from
the hBN substrate, in the tetralayer structures without
mirror symmetry, we still could expect a different charge
distribution of sublattices A and B in both top and bot-
tom graphene layers. We have found that the hBN sub-
strate enhances the localization of the flat band states
in the AAA regions, an additional hBN substrate will
increase such enhancement.

IV. THE EFFECT OF A PERPENDICULAR
ELECTRIC FIELD

It has been shown that a perpendicular electric field
in graphene/hBN superlattices allows the tunability of
their physical properties [52], such as the case of Bernal
bilayer graphene on hBN (BG/hBN) [53], ABC stacked
graphene on hBN (TG/hBN) [54] or twisted double bi-
layer graphene (TDBG) [55], among others. Interest-
ingly, the bandwidth of the narrow bands in these three
systems is reduced by increasing the electric field [52,
55, 56]. However, in some other graphene systems, for
instance, the twisted trilayer graphene with mirror sym-
metry, the bandwidth is increased by an external electric
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FIG. 3. (a)(b),(d)(e) Band structures and density of states for trilayer structure and tetralayer structure with different electric
field, respectively. (c) and (f) Eigenstates, |ψ|2, calculated from diagonalization of the Hamiltonian for the trilayer and tetralayer
structure, respectively. The corresponding energies of these eigenstates are illustrated in (b) and (e). In the density plots, red
and dark blue indicate the maximum and minimum values of the charge density, respectively. We note that the direction of
the electric field with positive value E has the same direction as the unit vector ez.

field [57, 58]. In TBG a perpendicular electric field shifts
the degeneracy of the Dirac cones [59–61] and does not
open a gap between the narrow bands. The cones are
protected by C2T which is preserved even in the pres-
ence of the electric field [61, 62]. The presence of gap
between narrow bands in TBG with hBN is because the
substrate breaks C2. To introduce an electric field in
our TB model, we add an on-site potential with different
sign on each graphene layer. The electrostatic potential
is given by ∆Vi = ziE ·ez being E the vertical electric field
which has positive value if its direction is the same to ez
(upward) and zi is the z coordinate of atom i. We choose
the reference plane for electrostatic potential at the mid-
point of two graphene layers. Then, an extra onsite term
is added in the Hamiltonian in Eq. (5) as

HV = ∆Vi |Ri〉 〈Ri| . (12)

This onsite term is positive in the upper graphene plane
and negative in the lower graphene plane for electric field
with upward direction. We neglect this onsite potential
in the N and B atoms since the onsite energies of N and
B are much larger than this extra onsite term induced by
the external electric field.

In pristine TBG, mirror symmetry ensures the degen-
eracy of the Dirac cones. In the presence of the electric
field this symmetry is broken because at each layer an on-
site potential with different sign is introduced and this is
the main source of the gap between narrow bands (see
Ref. [12] for further details). Indeed, this effect can be
clearly seen in Fig. 3. In the TBG/hBN system (top row
of Fig. 3) the degeneracy of the Dirac cones (or layer
degeneracy) is broken because the hBN is acting on a

single graphene layer. Notice that the energy bands cor-
responding to each valley are shifted in opposite direc-
tions. The effect of the electric field is a further shifting
of the energy bands and this effectively looks like a gap
closing as shown in the DOS in Fig. 3(b) and (e). For the
encapsulated system (bottom row of Fig. 3) we can see
that the electric field shifts the energy bands, however,
the effect of the field is less drastic because the layer de-
generacy is preserved (see Fig. 2(b)). The effects of the
layer degeneracy breaking can be observed in the density
maps in Fig. 3(c) and (f). As expected in TBG systems,
the charge is strongly localized around the AA centers
even with an hBN substrate. In the presence of an elec-
tric field in Fig. 3, the charge is localized around the
ACB region for both the C3 and the C4 bands, whereas
at zero field in Fig. 1, the charge is localized in differ-
ent regions for different bands. This difference is orig-
inated from the layer degeneracy breaking. There is a
charge transfer between two graphene layers. The in-
duced electric field enhances the interlayer interaction
by producing an energy difference between two graphene
layers, thus re-distributing the charge density. In the
presence of both hBN and an electric field, the charge
is unevenly distributed between layers inducing polariza-
tion. The latter is stronger in the suspended situation,
as shown in Fig. 3(c). We have found that the layer po-
larization is a physical phenomena resulting from layer
degeneracy breaking. While this degeneracy can be re-
covered in TBG by encapsulation with hBN, c.f Fig. 2,
with an electric field is always broken. Our results in-
dicate that in TBG samples suspended or encapsulated
with hBN, the presence of an electric field polarizes the
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charges within the layers. From time–reversal symmetry,
the band energy shift is opposite in each valley and there-
fore the charge polarization is a valley phenomena. The
total charge distribution in each layer is the same if both
valleys are considered. This effect can be used to tune
the strength of the valley Hall effect or the anomalous
Hall effect in the presence of a magnetic field.

V. STACKING DEPENDENT BAND
TOPOLOGY

Theoretical studies analyzing the topology and corre-
lated effects in the presence of a substrate usually intro-
duce the effect of the hBN by considering only the mass
term [21, 63, 64]. While this approach is valid, in exper-
iments the TBG samples are supported on [65] or encap-
sulated [66, 67] with hBN and this may result in different
band topology. In this section, we show that the topolog-
ical properties of TBG/hBN and hBN/TBG/hBN can be
completely different. In both systems, the breaking of in-
version symmetry in the TB model allows for a non-zero
Berry curvature with opposite signs in each valley. Be-
cause of time–reversal symmetry, the Berry curvature in
each valley has opposite sign and hence the total Chern
number of a given band is zero. However, the topological
invariants can be defined for each valley [31, 68]. The
finite Berry curvature for a single valley is given by

Ω~k,l = 2 Im
{〈
∂kxψ~k,l|∂kyψ~k,l

∣∣∣∂kxψ~k,l|∂kyψ~k,l〉} , (13)

where l is a band index with energy El(~k), momentum
~k = {kx, kx} and wavefunctions ψ~k,l. For the different

stacking configurations, the bands for each valley are iso-
lated and their Berry curvature is well-defined. There-
fore, we can assign a valley Chern number, Cl, to the band
l which is given by the integral of the Berry curvature in
the moiré Brillouin zone

Cl =
1

2π

∫
mBZ

d2~kΩ~k,l. (14)

We use the algorithm in Ref. [69] and the continuum
model in Ref. [12] to compute the Berry curvature. To
simplify our analysis we are considering only the mass
terms, here, ∆b/t are mass terms acting in the bottom
and top graphene layer, respectively, mimicking an hBN
substrate, we also consider the bands only at charge
neutrality because the band topology may also depend
on the filling fraction [70]. Figure 4 displays the set
of valley Chern numbers for the systems considered in
this work. We can distinguish three topological phases
with Chern numbers for each band, {Cb, Ct}, identified as
P1 = {−1, 1}, P2 = {0, 0} and P3 = {1,−1}. The phases
P1 and P3 are the usual phases found in the presence of
a single hBN layer. However, for the encapsulated situ-
ation there are different possibilities, such as the case of
Fig. 2(b) where the corresponding phase is P3 because

-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

Δb (meV)

Δ
t
(m
eV

)

Phase

P1

P2

P3

FIG. 4. Topological phases of the two narrow middle bands of
TBG with hBN as a funtion of the mass terms. We distinguish
three topological phases, {Cb, Ct}, identified as P1 = {−1, 1},
P2 = {0, 0} and P3 = {1,−1}

we found that the mass terms have the same sign and
magnitude (∼ 30 meV). Additional stacking configura-
tions may give different topological phases, for example,
if we swap the Boron by the Nitrogen in the stack in
Fig. 2(a) the mass terms change sign and the phase can
be P1 or P2. Interestingly, in the encapsulated situation,
if each hBN is nearly aligned with their adjacent TBG
the topological phase is P2 if the mass terms have dif-
ferent sign and similar magnitude. This situation can be
achieved, for example, by aligning both hBN layers with
respect to each other or by rotating them in opposite
directions with the same angle. The dominant contri-
bution in TBG/hBN structures are the mass terms. If
the angle between hBN and its adjacent graphene layer
is increased, these terms decrease and may survive up to
3◦ of alignment (see Ref. [12] for further details). There-
fore, Fig. 4 is a general result and indicates the rich band
topology of suspended and encapsulated samples of TBG
with hBN that can be obtained near alignment.

VI. CONCLUSIONS

We have studied the effects of an hexagonal boron ni-
tride substrate on the electronic and topological proper-
ties of TBG. In particular, we have studied TBG on hBN
and TBG encapsulated with hBN. By using a real space
tight-binding method in combination with semi-classical
molecular dynamics, we calculate the band structure,
DOS, LDOS and analyze the stacking-dependent topo-
logical properties of these systems. We find that the
substrate significantly modifies the electronic properties
of the TBG due to the broken C2 symmetry. Compared
to the free standing TBG, the narrow bands have been
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strongly modified and separated by a gap of around 30
meV. In the TBG/hBN system we found that the sub-
strate induces a layer degeneracy breaking which results
in a splitting of the TB band structure and uneven distri-
bution of the LDOS in a single layer. In the encapsulated
TBG/hBN system we found that the layer degeneracy is
recovered if the twist angle between each graphene and its
nearest hBN layer is of the same magnitude. Both con-
sidered heterostructures are also strongly sensitive to a
perpendicular electric field. A direct consequence of this
field is the shifting of the energy bands which may look as
a gap closing in the DOS. Interestingly, by mapping the
real space distribution of the wavefunctions we found that
the electric field polarizes the charge in each valley which
can be used to tune the strength of the valley Hall effect
or the anomalous Hall effect in the presence of a magnetic
field. Finally, by calculating the valley Chern numbers,
we found that depending on the induced mass gap, differ-
ent topological phases can be obtained. Because the mass
gap is a consequence of the degree of the hBN alignment,
this result may give a simple methodology to identify the
encapsulating conditions in TBG/hBN samples.
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Appendix A: The electronic properties of free
standing twisted bilayer graphene

In this section, we briefly describe the properties of
pristine TBG. The hopping parameters in Eq. (10) are
given such that the “magic” angle is at 1.21◦. Figure 5(a)
show the band structure of TBG with a twist angle
θtbg = 1.05◦. The DOS display the van Hove singularities
(vHs) due to the two narrow bands. Figure 5(b) shows
that the contribution to each sublattice to the LDOS is
identical due to the preserved sublattice, layer and val-
ley symmetries. In Fig. 5(c) we show the LDOS maps in
real space for energies at the vHs. They have the famil-
iar “fidget-spinner” shape [62] with the states localized
around the AA region.
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FIG. 5. (a) Band structure and density of states, (b) LDOS of the sublattice A and B in the AA stacking region and (c) LDOS
mapping in real space for free standing twisted bilayer graphene with θ = 1.05◦. The LDOS mapping are obtained via the
TBPM method. The corresponding energies of the eigenstates are illustrated in the DOS.
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