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Abstract

Ligands binding to polymers regulate polymer functions by changing their physical and

chemical properties. This ligand regulation plays a key role in many biological processes.

We propose here a model to explain the mechanical, thermodynamic, and kinetic properties

of the process of binding of small ligands to long biopolymers. These properties can now be

measured at the single molecule level using force spectroscopy techniques. Our model per-

forms an effective decomposition of the ligand-polymer system on its covered and uncov-

ered regions, showing that the elastic properties of the ligand-polymer depend explicitly on

the ligand coverage of the polymer (i.e., the fraction of the polymer covered by the ligand).

The equilibrium coverage that minimizes the free energy of the ligand-polymer system is

computed as a function of the applied force. We show how ligands tune the mechanical

properties of a polymer, in particular its length and stiffness, in a force dependent manner. In

addition, it is shown how ligand binding can be regulated applying mechanical tension on

the polymer. Moreover, the binding kinetics study shows that, in the case where the ligand

binds and organizes the polymer in different modes, the binding process can present tran-

sient shortening or lengthening of the polymer, caused by changes in the relative coverage

by the different ligand modes. Our model will be useful to understand ligand-binding regula-

tion of biological processes, such as the metabolism of nucleic acid. In particular, this model

allows estimating the coverage fraction and the ligand mode characteristics from the force

extension curves of a ligand-polymer system.

I. Introduction

The study of biopolymers interactions with small ligands is an essential topic to many areas of

research. Biological systems abound with polymers such as polynucleotides or polysaccharides,

and ligands such as proteins, metal ions, antibiotics, drugs, among others. Thus, there are

numerous structural, biochemical and thermodynamic studies on the binding of proteins to
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nucleic acids [1–22]. The binding of multivalent ions, oligolysines or oligopeptides to polynu-

cleotides has also been studied in depth [10,23–29].

Recently, single-molecule manipulation experiments have led to a significant progress in

understanding the fundamental properties of a variety of polymers [30]. Essentially, single-mol-

ecule experiments measure the end-to-end extension of a single polymer molecule stretched

under controlled force. The resulting extension versus force data are related to microscopic

physical properties of the polymers by using some idealized models. Typical models are the

freely-jointed chain (FJC) model, where the polymer consists of rigid Kuhn segments of a given

length connected by flexible joints, and the worm-like chain (WLC) model, where the polymer

is modeled as a continuous elastic thin rod [31,32]. The FJC and WLC models account for the

polymer’s local bending stiffness, but they ignore the interactions between monomers well sepa-

rated along the chain, the so-called excluded-volume interaction. These models successfully

describe the elastic properties of synthetic and biological polymers. In particular, the elasticity

of ds- and ss- DNA molecules at low ionic strength conditions (i.e. below 50 mM NaCl) at inter-

mediate-force regimes, where the applied force effectively screens long-range monomer interac-

tions. However, these models are not valid to explain the elastic properties of ssDNA at low

forces and higher ionic conditions (i.e. above 100 mM NaCl), probably due to the formation of

transient secondary structures in these nucleic acid molecules. Extensions of the FJC and WLC

models have been formulated to account for the low-force elasticity of ssDNA (snake-like chain

model, SLC model [33]), the base-pairing and base-pair stacking interactions [34–36]. Thick

Chain (TC) model [37–38] and scaling model of non-ideal polymer under tension [33,39–41]

have been successfully applied to model the elastic properties of flexible charged biopolymers.

Single-molecule force spectroscopy experiments have also been extended to study a number

of proteins that bind dsDNA, ssDNA, or both [4,8,9,42–48], and the resulting elastic properties

of these protein-DNA complexes

Henceforth, a first step in the study of the binding processes is to characterize the changes

caused by the bound ligands on the elastic properties of the polymer, which in turn, can be

used to obtain a deeper insight in the binding interactions between ligands and biopolymers.

Here, we propose a model in which the elastic properties of the polymer depend explicitly on

the coverage: the ratio between the monomers of the polymer occluded by ligands and the

total number of monomers forming the polymer. This model is based on the effective decom-

position of the polymer on its covered and uncovered regions, where the covered regions are

the set of monomers occluded by the bound ligands.

Furthermore, another important issue is the understanding of the energetics of the binding

process, which may allow the estimation of the coverage of the polymer. Previous studies [4,8,

9,49–52] showed that the equilibrium coverage in polymers can be estimated in single-molecule

manipulation experiments by comparing the elastic properties of the polymer before and after

the ligand addition. These studies also showed that the coverage of the polymer depends on the

concentration of the ligand, the magnitude of the stretching longitudinal force, and the ionic

conditions of the solutions. In the present study, we obtain an analytic expression for the equi-

librium coverage to analyze the resulting extension versus force data in single-molecule manip-

ulation experiments. Finally, we also model the kinetics of ligand binding to the polymer.

The organization of the paper is the following: In Sec. II we introduce the aforementioned

mechanic model, based on the effective decomposition of the polymer in covered and uncov-

ered regions, and we obtain its corresponding force-extension relation. In Sec. III we employ

this mechanical model to study the energetics of the system, and compute the equilibrium

number of bound ligands as function of the applied force. In Sec. IV we comment the different

kinds of possible transient extension effects that can appear during the binding kinetics,

remarking transitory shortening or lengthening of the polymer that might arise provided
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different binding modes of the ligands to the polymer exist. Finally, in Sec. V we briefly sum-

marize the main results.

II. Mechanics: The force-extension relation

In the present study, we introduce a method to model how binding of small ligands to a bio-

polymer modifies its elastic properties varying the polymer chain extension at a given force

depending on the coverage (number of ligands bound to the polymer).

In our approach, we assume that the extension at a given force is given by two contribu-

tions: xn, which represents the extension of the uncovered (or naked) regions of the polymer,

and xc, which represents the extension of the regions of the polymer covered by ligands. Then,

the total extension of the polymer, when a stretching force F is applied at its ends, is

xðFÞ ¼ xnðFÞ þ xcðFÞ: ð1Þ

Thus, the polymer can be divided into two sub-chains or regions and separately compute

their extension, in order to find the total extension (see Fig 1).

Here, we assume for the naked contribution an extensible worm-like chain model (XWLC),

while for the covered contribution we assume a freely-jointed chain model (FJC). This is

expected to be a good model for disperse ligand binding, in which ligands orientation are ran-

dom (no cooperativity binding) and the ligand remains unchanged. The key point is that if the

orientations of the ligands are random, we can describe their contribution to the extension

with a FJC model, which considers a polymer assembled by randomly oriented segments. If in

addition the polymer orientation behind and in front of the ligand match, we can put together

the uncovered polymer sections and the ensemble will have the same extension as a polymer

formed with all the uncovered monomers. More generally, this approximation will hold if the

changes in the polymer orientation after the ligand interaction average to zero. For example,

when the ligands can diffuse over the polymer, as described for single-stranded DNA binding

proteins (SSB) [14,47,53,54]. Therefore, for ligand-polymer systems following these condi-

tions, our approximate model can be valid beyond the disperse ligand regime.

Fig 1. Effective model for the mechanical properties of a partially covered polymer. (Panel A) Scheme of a

polymer (red), partially covered by ligands (green), under a tension F. (Panel B) Zoom of a ligand bound to a polymer.

Each ligand covers m monomers, and the end-to-end distance of the DNA segment covered by one ligand is given by

the parameter a. (Panel C) Effective mechanical decomposition of the partially covered polymer in two chains: one

chain corresponds to the naked region and the other chain corresponds to the covered region. Note that distribution of

ligands along the polymer is important for thermodynamic properties, this effective mechanical decomposition was

done to effectively compute the extension. An extensible worm-like chain (XWLC) model is considered for the naked

region, while a freely-jointed chain (FJC) model is assumed for the covered region.

https://doi.org/10.1371/journal.pone.0174830.g001
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Extension contribution of naked monomers

The extension of the uncovered regions of the polymer are described by the extensible worm-

like chain (XWLC) model, characterized by the contour length at zero pulling force Lð0Þc , the

persistence length Lp, and the Young modulus K0, which represents how extensible is the

naked sub-chain. The force-extension relation of the XWLC model has to be computed

numerically, because it does not have an exact analytic expression. However, Wang et al. [55]

obtained an implicit formula, a generalization of the Marko-Siggia formula [32] for non-exten-

sible worm-like chains [56,57], which approximates the numerical result for all the range of

forces,

F Lp

KBT
¼

1

4
1 �

xnðFÞ
Lð0Þc
þ

F
K0

� �� 2

�
1

4
þ

xnðFÞ
Lð0Þc
�

F
K0

; ð2Þ

being KB the Boltzmann constant (KB’ 8.62 � 10−5 eV/K), and T the absolute temperature.

One can obtain explicit analytic approximations of xn(F) for the low and the high force regimes

[58],

xnðFÞ
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�

2
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1
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ffiffiffiffiffiffiffiffiffi
KBT
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þ
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;

ð3Þ

8
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>>>>:

respectively. Fig 2 shows a comparison between the force extension relation given by the

Fig 2. Extensions per contour length of a XWLC as function of the pulling force. Comparison of the

extensions per contour length of a XWLC as function of the pulling force given by: the Marko-Siggia implicit

equation (solid red line), the analytic approximations valid for the low force regime (dashed blue line), and

the analytic approximation for the high force regime (dot-dashed green line). The dotted black vertical line

marks the force which splits the low and high force regimes, KBT/Lp. This figure corresponds to the the

following sets of parameters: Lp = 0.715 nm, K0 = 700 pN (which are of the order of the values for ssDNA

[24]) and KBT = 4.11 pN nm.

https://doi.org/10.1371/journal.pone.0174830.g002
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Marko-Siggia implicit formula and the force-extension relation given by the analytic approxi-

mations. These are good approximations except for the region near the force KBT/LP (repre-

sented as a vertical dotted line in Fig 2), which is the boundary between the low and high force

regimes.

From Eq (2) or Eq (3), it is possible to obtain the contribution to the extension of the naked

regions. However, in these expressions the number of bound ligands (or, equivalently, the cov-

erage of the chain) does not appear explicitly, but implicitly in the contour length of the naked

region Lð0Þc ,

Lð0Þc � ðN � n mÞd0; ð4Þ

where N denotes the total number of monomers forming the polymer, d0 the contour length of

the naked sub-chain per uncovered monomer, n the number of ligands bound, and m the

number of monomers occluded by each ligand. This expression assumes that every ligand

occludes always the same number of monomers. However, for several biological ligands this

may not be the case. Multiple binding sites in a sole ligand may give raise to different binding

modes, i.e., different number of monomers bound per ligand [59]. Provided there are N possi-

ble binding modes, and ni ligands are bound to the polymer in mode i, which occludes mi

monomers, the contour length of the naked region would become

Lð0Þc ¼ N �
XN

i¼1

ni mi

 !

d0; ð5Þ

Replacing Eq (5) in Eqs (2) or (3), we finally obtain an expression for the extension contri-

bution of the naked regions of the polymer, which explicitly depends on the number of

ligands.

Extension contribution of covered monomers

For the covered regions of the polymer, we propose a freely-jointed chain (FJC) model, which

depends on two parameters: the number of rods of the covered sub-chain n (number of com-

plexes ligands-occluded monomers) and the Kuhn length a (effective size of the complex

ligand-occluded monomers). According to the FJC model [60], the analytical expression for

the Force-extension relation is

xc Fð Þ ¼ n a coth
F a
KBT

� �

�
KBT
F a

� �

; ð6Þ

This expression considers a unique binding mode of the ligand to the polymer. For the case

of several binding modes, we obtain the generalized expression

xc Fð Þ ¼
XN

i¼1

ni ai coth
F ai

KBT

� �

�
KBT
F ai

� �

; ð7Þ

where it is assumed that the covered region can effectively be divided into N different sub-

chains, one for each binding mode, and the extension contribution of the covered region is

just the sum of the extension contributions of all these sub-chains.

Extension of a partially covered polymer

In our approximation, the extension of a partially covered polymer as function of stretching

force is the sum of the extension contributions of the naked and covered regions. For the

Mechanics, thermodynamics, and kinetics of ligand binding to biopolymers

PLOS ONE | https://doi.org/10.1371/journal.pone.0174830 April 5, 2017 5 / 17

https://doi.org/10.1371/journal.pone.0174830


naked region, the implicit formula in Eq (2) or the explicit approximations in Eq (3) give the

extension per contour length, with the contour length given by Eq (5). For the covered region,

the extension contribution corresponds to the expression shown in Eq (7). Hence, when a ten-

sion F is applied, the total extension of the polymer is

x Fð Þ ¼
xnðFÞ
Lð0Þc

N �
XN

i¼1

ni mi

 !

d0 þ
XN

i¼1

ni ai coth
F ai

KBT

� �

�
KBT
F ai

� �

: ð8Þ

In terms of the coverages, ci = ni mi/N, i.e., the fraction of monomers covered by each bind-

ing mode, the total extension can be rewritten as

x Fð Þ ¼ N
xnðFÞ
Lð0Þc

1 �
XN

i¼1

ci

 !

d0 þ
XN

i¼1

ci
ai

mi
coth

F ai

KBT

� �

�
KBT
F ai

� �( )

: ð9Þ

These expressions are valid for a given polymer at a fixed temperature.

In the particular case where the ligand only has a single binding mode, N ¼ 1, the total

polymer extension depends on the coverage c, the Kuhn length per occluded monomer a/m,

and on the number of occluded monomers per ligand m, see Fig 3. However, in the high-force

regime F � KBT
Lp

, and F � KBT
a , the extension depends only on the coverage c and the ratio a/m

lim
F!1

xðFÞ
N d0

¼ 1þ
a=m
d0

� 1

� �

cþ 1 � cð Þ
F
K0

; ð10Þ

as K0, Lp, and do are fixed for a given polymer and temperature. In order to obtain this expres-

sion, we used Eq (3) for the naked polymer contribution, limF!1
xnðFÞ

Lð0Þc
¼ 1þ F

K0
, and for the

covered polymer contribution xc(F) we used limu!1cothðuÞ � 1

u ¼ 1.

Fig 3. Extension of partially covered polymers as function of the pulling force. (Panel A) Extension of a polymer in the presence of a ligand as a

function of the applied force for different coverages c, occluded monomers per ligand m, and a/m ratios, for a ligand with a single binding mode. The dotted

vertical line marks the force value KB T/Lp, which separates the low and the high-force regime. In the high-force limit (F � KBT
Lp

), the extension x(F) depends

only on both a/m and c. Changes in the Kuhn length per occluded monomer a/m shift the curves, but do not alter the slopes. However, changes in coverage

c do alter these slopes. (Panel B): In the intermediate-force regime (F � KBT
Lp

), the three parameters (c, a/m, and m) have subtle effects on the extension of

the polymer. In the low-force limit (F � KBT
Lp

) the extension x(F) is proportional to the force F and the proportionality constant is given in Eq (11). For both

panels, d0 = 0.57 nm. K0 = 700 pN, Lp = 0.715 nm (which are of the order of the values for ssDNA [24]), and KBT = 4.11 pN nm, the value at 25˚C.

https://doi.org/10.1371/journal.pone.0174830.g003
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Therefore, in the high-force regime, the force independent contribution to the extension is

higher than for the naked polymer, only if a/m> d0, i.e., if the Kuhn length per occluded

monomer, a/m, is higher than d0, the contour length of the naked sub-chain per uncovered

monomer. Otherwise, i.e., when a/m� d0, the force independent contribution to the extension

is smaller. Thus, in the high-force regime, an increase in a/m just shifts the extension curves

without changing the slopes, see Fig 3A. Changes in coverage c tune the relative relevance of

the naked polymer elasticity (force-dependent term) and the Kuhn length per occluded mono-

mer (force-independent term). Thus, coverage c affects both the final end-to-end extensions

and their force slopes.

In contrast, in the intermediate and low-force regime, the three parameters (c, a/m, and m)

affect the extension of the polymer, and their effects are not easily distinguished, see Fig 3B.

The initial slope of this curves can be obtained computing the low-force regime, F � KBT
Lp

and

F � KBT
a , of Eq (9),

lim
F!0

xðFÞ
N d0

¼
2F Lp

3KBT
1þ c

a=m
d0

a
2Lp
� 1

 !" #

; ð11Þ

where we have used Eq (3) for the naked polymer contribution, and for the covered polymer

contribution xc(F) we used limu!0cothðuÞ � 1

u ¼
u
3
. This expression shows that the initial slope

will be greater than that for the naked chain when (a/m) � a> d0 � Lp, i.e., when the product of

the Kuhn length per occluded monomer, a/m, times the Kuhn length a (effective size of the

complex ligand-occluded monomers) is greater than the product of d0, the contour length of

the naked polymer per uncovered monomer, and Lp the persistence length of the naked poly-

mer. Note that greater coverage values would enhance this effect.

Fitting the experimental force extension curves to these equations allows determining the

coverage and the binding mode when the effective size of the ligand is known, as we have

recently shown for human mitochondrial SSB protein [61].

Note that alternative models may be required to explain the structural organization of

ligand-polymer systems in which binding of disperse oriented ligands cannot be assumed (for

example, for ligands presenting positive cooperative binding).

III. Thermodynamics: Number of ligands at equilibrium

Ligand binding to a polymer proceeds until equilibrium coverage is reached, which may

depend on the force applied on the polymer. We assume that the chemical potential of ni dis-

perse ligands bound in mode i to the polymer at zero tension is given by the expression,

miðniÞ ¼ m�i þ KBT ln ni; ð12Þ

where m�i is the chemical potential of a unique ligand bound in mode i to the polymer at zero

tension, or alternatively the ligand binding energy �bi , m�i ¼ � �
b
i . The chemical potential corre-

sponding to all the ligands bound to the polymer is assumed to be just the sum of the chemical

potential for each binding mode, μ = ∑μi(ni). The Gibbs free energy of the partially covered

polymer is then

DG ¼ �
ZF

0

xð~FÞ d~F þ
XN

i¼1

Zni

0

mið~niÞ d~ni; ð13Þ

This Gibbs free energy has two parts: an elastic contribution and a binding contribution.

The elastic contribution has the form �
R F

0
xð~FÞ d~F for constant force; while for constant
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length, it has the form
R x

0
Fð~xÞ d~x (with the two forms related by a Legendre transform). The

binding part is the integral of the ligand chemical potentials. Using Eq (8) and Eq (10), the

Gibbs free energy at tension F reduces to

DG ¼ N �
XN

i¼1

ni mi

 !

d0 Dgel
n ðFÞ þ

XN

i¼1

ni ai Dgel
c;iðFÞ

þ
XN

i¼1

ni½� �
b
iþKBTðln ni � 1Þ�;

ð14Þ

where Dgel
n ðFÞ and Dgel

c;iðFÞ are, respectively, the elastic contributions of the naked and covered

monomers to the Gibbs free energy per unit of contour length.

Dgel
n Fð Þ � �

ZF

0

xnð
~FÞ

Lð0Þc
d~F ;

Dgel
c;i Fð Þ � �

ZF

0

xc;ið
~FÞ

ni ai
d~F ¼ �

ZF

0

coth
~F ai

KBT

� �

�
KBT
~F ai

� �

d~F

¼
KBT
ai

ln
F ai=KBT

sinhðF ai=KBTÞ

� �

:

ð15Þ

Once the Gibbs free energy of the polymer is known, one can minimize it

DmiðF; niÞ ¼
@DG
@ni

�
�
�
nðeqÞi

¼ 0; ð16Þ

giving

� �bi þ KBT lnðniÞ ¼ mid0 Dgel
n ðFÞ � ai Dgel

c;iðFÞ; ð17Þ

and obtain the equilibrium number of ligands in mode i bound to the polymer at tension F

nðeqÞi Fð Þ ¼ exp
�bi þmid0Dgel

n ðFÞ � ai Dgel
c;iðFÞ

KBT

� �

¼ exp
�bi þmid0Dgel

n ðFÞ
KBT

� �
sinhðF ai=KB TÞ

F ai=KB T
:

ð18Þ

Thus, large ligand binding energy �bi favours binding, but at high tension the elastic energy

cost of converting naked monomers in covered monomers favours unbinding. Since the elastic

energy grows with tension, tension favours the transition to a naked polymer. On the one

hand, in the high-force limit, F� KB T/Lp, there is a quadratic relationship between the elastic

contribution of the naked monomers and the pulling force, Dgel
n ðFÞ � � F2=K0 [using Eqs (3)

and (15)]. On the other hand, the covered monomer contribution Dgel
c;iðFÞ scales linearly with

pulling force in the high-force limit. Therefore, assuming that naked contribution dominates,

we can estimate the transition force as�

ffiffiffiffiffiffiffiffi
�bi K0

mid0

q

. If the values plotted in Fig 4 are used, this

approximate expression predicts that the transition occurs at F * 50 pN, while the complete

Eq (18) predicts the transition occurs at F * 10–15 pN, as show in Fig 4.

We have assumed that the size of the region covered by the ligand is smaller than the con-

tour length of the polymer, and we used for the chemical potential of the bound ligands the

unidimensional ideal gas form, Eq (12). This expression allowed obtaining a simple analytical
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estimation of the transition force. However, at high coverage, the change in the entropic con-

tribution of the uncovered regions will become important, and the Tonks gas expression [62]

will be a more accurate description. An analogous computation gives the following implicit

relation for the coverage as a function of the force, for the case of a single binding mode

� �b þ KBT ln
N
m

� �

þ ln
c

1 � c

� �
þ

c
1 � c

� �

¼ m d0 Dgel
n Fð Þ � a Dgel

c Fð Þ: ð19Þ

This equation can be solved for the coverage c in terms of the Lambert function W0 [63–65]

c Fð Þ ¼
1

1þ 1

W0
m
Ne

EðFÞ
KBT

� �
; ð20Þ

with EðFÞ ¼ �b þm d0 Dgel
n ðFÞ � a Dgel

c ðFÞ. This result is represented in Fig 4A and compared

with the ideal gas result. Also in Fig 4B we combine this result with the mechanical model in

Section II and represent the corresponding force extension curves for a particular case with

similar parameters to the single strand binding protein (SSB) bound to single strand DNA

(ssDNA), for the particular cases of E. Coli SSB [47,59] and human mitochondrial SSB [61].

These plots have the same form as those experimentally obtained for these two SSB in recent

single-molecule experiments [47,61]. It is important also to notice that Tonks model predicts a

maximum coverage lower than the complete coverage, see Fig 4A.

Additionally, in some cases cooperative ligand binding effects could also be present [66].

Fig 4. Equilibrium coverage and extension of the polymer in the presence of ligands. (Panel A): Equilibrium

coverage cðeqÞi ¼ nðeqÞi mi=N of a polymer as function of the tension F, assuming that the ligands bind to the polymer in a

unique mode. The elastic contribution to the free energy of the naked monomers was estimated using the Marko-Siggia

formula Eq (2). The equilibrium coverage was computed using both the ideal gas [Eq (18)] and the Tonks gas [Eq (20)]

models. We also consider that the maximum possible coverage is 100%. (Panel B): Equilibrium extension of the covered

polymer as function of the pulling force, resulting from employing the coverage of Panel A in the force-extension relation

Eq (9). In this figure the values of the parameters of the polymer are of the order of those of ssDNA [24]: N = 5080, d0 =

0.57 nm, Lp = 0.715 nm, K0 = 700 pN and KBT = 4.11 pN nm, while, for the ligands, we consider two different binding

modes, with parameters of the order of those of E. Coli SSB [47,59] and HmtSSB proteins [61]: m = 65 or 35, a = 5 nm

and �b = m × 0.5 × KBT.

https://doi.org/10.1371/journal.pone.0174830.g004
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IV. Kinetics: Binding of ligands to polymer

The interactions between ligands and biopolymers are relevant to fundamental biological pro-

cesses. For example, ligand binding to a biopolymer can change its mechanical (including poly-

mer extension, or end-to-end distance) and/or chemical properties interfering in this way with its

biological functions. Thus, understanding the influence of the binding kinetics on the elastic prop-

erties of biopolymers is essential. In this section, we analyze the time evolution of the coverage of a

polymer by ligands in two common scenarios: one binding mode and two binding modes. In

addition, we discuss the relation between the coverage of the polymer and its extension.

One binding mode

First, we study the case of a unique binding mode of the ligand to the polymer, where the

ligand attaches to m monomers. In this case, the number of ligands attached to the polymer

will vary following the differential equation

dn
dt
¼ kb

N � n m
m

� kr n; ð21Þ

where kb stands for the binding rate of the ligands to the polymer, which is multiplied by the

number of holes (naked regions of length m) present in the polymer, and kr stands for the

releasing rate of the ligands from the polymer, which is multiplied by the number of bound

ligands. The concept of number of holes has been defined as the number of naked monomers

of the polymer divided by the number of monomers that a single bound ligand occludes, so it

represents the number of extra ligands needed to completely cover the polymer. Assuming

that at time t = 0 there is not any ligand attached to the chain, and then we add a certain ligand

concentration into the buffer, the number of bound ligands at each time is

n tð Þ ¼
N
m

1

1þ
kr
kb

1 � e� ðkbþkrÞt
� �

: ð22Þ

As we can see from this expression, the equilibrium number of ligands bound to the poly-

mer is N/[m (1 + kr/kb)], or equivalently, the equilibrium coverage of the polymer is 1/(1 + kr/

kb), which is reached in the limit t!1. Fig 5 shows an example of the time evolution of the

coverage (Panel A) and the extension (Panel B) of the polymer.

Two binding modes

The binding kinetics is quite simple when the ligand has a unique binding mode. However, for

several binding modes, the kinetics is more complex. Furthermore, since different binding

modes compact the polymer in different ways, this might lead to the appearance of transitory

shortening or lengthening of the chain. These transient effects can arise for different causes, as

we show below.

Transient effects due to competition between fast and slow binding modes. For the

sake of simplicity, we will assume that there are just two different binding modes, labelled

modes 1 and 2, with different binding rates, kb1 and kb2, and release rates, kr1 and kr2. The

binding kinetics equations are

dn1

dt
¼ kb1

N � n1 m1 � n2 m2

m1

� kr1n1;

dn2

dt
¼ kb2

N � n1 m1 � n2 m2

m2

� kr2n2:

ð23Þ
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If we assume that the binding rate of mode 1 is much faster, kb1� kb2, the ligand will first

bind to the polymer mainly in mode 1. After if the binding is stronger in mode 2,
kb2

kr2
�

kb1

kr1
, the

ligands in mode 1 will release the polymer and be replaced by ligands in mode 2. This phenom-

enon of transient coverage by mode 1 is illustrated in Fig 6, where we also show that it can be

observed as a transient change in extension of the polymer. Initially, ligands bind to the poly-

mer in mode 1, due to its larger binding rate, but at the end, most of the ligands on the polymer

are bound in mode 2, due to its stronger binding energy. This transient coverage in a different

mode may cause a transitory shortening of the polymer. For the example in Fig 6, the exten-

sion of the polymer first shortens when the ligands bind in mode 1, and then lengthens when

the ligands bound in mode 1 are replaced by ligands bound in mode 2.

Transient effects due to conversion between binding modes. These transitory changes

in mode coverage and length can have another source, the direct conversion of modes without

an intermediate release. Assume that the ligands bound to the polymer can change its binding

mode. Also assume that this change of mode can just happen in sets of s ligands, and that in

mode 1 the ligands occlude more monomers than in mode 2 (m1 >m2). Then, we can model

the binding kinetics with the system of differential equations

dn1

dt
¼ kb1

N � n1 m1 � n2 m2

m1

� kr1 n1 � s k1!2 ns
1

þ k2!1 ns
2

N � n1 m1 � n2 m2

m1 � m2

dn2

dt
¼ kb2

N � n1 m1 � n2 m2

m2

� kr2 n2 þ s k1!2 ns
1

� k2!1 ns
2

N � n1 m1 � n2 m2

m1 � m2

ð24Þ

Fig 5. Ligand binding evolution for a unique binding mode. (Panel A): Time evolution of the coverage of the polymer

when there is a unique binding mode. (Panel B): Temporal evolution of the extension corresponding to the evolution of

the coverage shown in Panel (A). Both panels correspond to the following set of parameters: kb = 1 s−1, kr = 10−5 s−1,

N = 5080, m = 35, d0 = 0.57 nm, Lp = 0.715 nm, K0 = 700 pN, a = 5 nm, KBT = 4.11 pN nm, and F = 5 pN. For the

extension contribution of the naked monomers, we have employed the Marko-Siggia implicit formula [Eq (2)].

https://doi.org/10.1371/journal.pone.0174830.g005
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This conversion between modes can also lead to similar transitory effects as the observed in

the case of existence of slow and fast modes: first, ligands bind to the polymer in mode 1, and

later these ligands change their binding mode in sets of s ligands. In Fig 7 we plot an example

of temporal evolution of the coverage (Panel A) and the extension (Panel B), when there are

two possible binding modes and the bound ligands can change their mode. The observed tran-

sitory effects are similar to the ones shown in Fig 6 for the release-mediated conversion.

This simplified linear picture for one and two binding modes is corrected by non-linearities

due to overlap binding, even in the absence of cooperativity (non-interacting ligands) [66].

However, the binding rates in these linear equations can be seen as effective binding rates

including the leading effects of overlap binding [66]. Fitting the predictions of the previous

equations to the experimental temporal variations of extension during the binding process

allows computing the effective binding, unbinding, and conversion rates.

V. Conclusions

This paper contributes to understand the binding of ligands to long polymers, a common sce-

nario in molecular biology. We have developed an approach to explain the mechanical, ther-

modynamics, and the chemical kinetics behaviors of the ligands-polymer system.

In our approach, the partially covered polymer is effectively divided into its naked and cov-

ered parts, being the extension of the polymer the sum of the extension contributions of these

regions. Under this assumption, we derived the expression for the force-extension relation

that explicitly depends on the coverage of the polymer by the ligands. Then, in the study of the

thermodynamics of the process, we used this expression to calculate the Gibbs free energy of

the ligands-polymer system. Furthermore, the equilibrium coverage of the polymer, i.e. the

coverage that minimizes the free energy, is estimated as a function of the tension. Finally, we

studied the kinetics of the binding process, in order to know how the coverage of an initially

10 -3 10 -2 10 -1 10 0 10 1 10 2 10 3

t (s)
0

20

40

60

80

100

C
(%

)

Mode 65
Mode 35

10 -3 10 -2 10 -1 10 0 10 1 10 2 10 3

t (s)
0.4

0.6

0.8

1.0

1.2

x
(μ

m
)

A) B)

Fig 6. Transient length shortening due to binding mode competition. (Panel A) Temporal evolution of the coverage

of the polymer during the binding process when there are two binding modes with different temporal scales: a fast mode

1 and a slow mode 2. (Panel B): Temporal evolution of the extension corresponding to the evolution of the coverage

shown in panel (a). This figure corresponds to the following set of parameters: kb1 = 1 s−1, kb2 = 5 � 10−2 s−1, kr1 = 0.1 s−1,

kr2 = 10−5 s−1, N = 5080, m1 = 65, m2 = 35, d0 = 0.57 nm, Lp = 0.715 nm, K0 = 700 pN, a1 = a2 = 5 nm, KBT = 4.11 pN nm,

and F = 5 pN. For the extension contribution of the naked monomers, we have employed the Marko-Siggia implicit

formula [Eq (2)].

https://doi.org/10.1371/journal.pone.0174830.g006

Mechanics, thermodynamics, and kinetics of ligand binding to biopolymers

PLOS ONE | https://doi.org/10.1371/journal.pone.0174830 April 5, 2017 12 / 17

https://doi.org/10.1371/journal.pone.0174830.g006
https://doi.org/10.1371/journal.pone.0174830


naked polymer evolves until reaching the equilibrium value. We show that when the ligand

presents different binding modes the binding dynamics can lead to transient shortening or

lengthening of the polymer due to changes or transitions between the binding modes.

The proposed model and its implications constitute an important theoretical tool for the

study of ligand-polymer systems in single molecule manipulation experiments. This model

provides a method to estimate ligand coverage and ligand mode from experimental force

extension curves. In addition, this model allows computing binding, unbinding, and conver-

sion rates from the temporal variations of extension during the binding process. This method

would be of special relevance to study the complex interactions between proteins with ssDNA.

The proposed model can be used, for example, to understand the mechanics, thermodynamics,

and assembly kinetics of ssDNA-SSB complexes. The great flexibility of ssDNA and large het-

erogeneity of the protein-DNA interface has hindered the advance of the research in this field.

The model and the associated method described here can be applied beyond the disperse

ligand regime, as shown in single molecule manipulation studies with the HmtSSB [61].

The model gives a simple effective description of ligand-polymer systems. Further details as

finite size effects, motility of ligands and cooperativity effects may be relevant to explain the

properties of other systems.

Acknowledgments

This work was supported by grants GR35/14-920911 (Banco Santander and Universidad Com-

plutense de Madrid, Spain), and FIS2010-17440 and FIS2015-67765-R (MINECO, Spain) to J.

J., E.B., J.P.G.V., and F.J.C., and by grant BFU2012-31825 and BFU2015-63714-R (MINECO,

Spain) to J.M. and B.I. Additionally, J.J. and E.B. acknowledge financial support from FPU13/

02934 and FPU13/02826 grants (Ministerio de Educación, Cultura y Deporte, Spain),

respectively.

Fig 7. Transient length shortening due to conversion between binding modes. (Panel A): Temporal evolution of the

coverage of the polymer when there are two binding modes of the ligands bound to the polymer, and the bound ligands

can change its mode in sets of s ligands. (Panel B): Temporal evolution of the extension corresponding to the evolution of

the coverage shown in Panel A. This figure corresponds to the following set of parameters: s = 2, kb1 = 1 s−1, kb2 = 0 s−1,

kr1 = kr2 = 10−5 s−1, k1!2 = 10−3 s−1, k2!1 = 5 � 10−5 s−1, N = 5080, m1 = 65, m2 = 35, d0 = 0.57 nm, Lp = 0.715 nm, K0 = 700

pN, a1 = a2 = 5 nm, KBT = 4.11 pN nm, and F = 5 pN. For the extension contribution of the naked monomers, we have

employed the Marko-Siggia implicit formula [Eq (2)].

https://doi.org/10.1371/journal.pone.0174830.g007

Mechanics, thermodynamics, and kinetics of ligand binding to biopolymers

PLOS ONE | https://doi.org/10.1371/journal.pone.0174830 April 5, 2017 13 / 17

https://doi.org/10.1371/journal.pone.0174830.g007
https://doi.org/10.1371/journal.pone.0174830


Author Contributions

Conceptualization: FJC.

Formal analysis: JJ EBH JPGV FJC.

Funding acquisition: BI FJC.

Investigation: JJ JAM EBH JPGV BI FJC.

Methodology: JJ EBH JPGV FJC.

Project administration: FJC.

Resources: FJC.

Software: JJ FJC.

Supervision: FJC.

Validation: JJ JAM EBH JPGV BI FJC.

Visualization: JJ.

Writing – original draft: JJ FJC.

Writing – review & editing: JJ JPGV BI FJC.

References
1. Bochkarev A, Bochkareva E. From RPA to BRCA2: lessons from single-stranded DNA binding by the

OB-fold. Curr Opin Struct Biol. 2004 Feb 29; 14(1):36–42. https://doi.org/10.1016/j.sbi.2004.01.001

PMID: 15102447

2. Bujalowski W, Lohman TM. Escherichia coli single-strand binding protein forms multiple, distinct com-

plexes with single-stranded DNA. Biochemistry. 1986 Dec 2; 25(24):7799–802. PMID: 3542037

3. Dickey TH, Altschuler SE, Wuttke DS. Single-stranded DNA-binding proteins: multiple domains for mul-

tiple functions. Structure. 2013 Jul 2; 21(7):1074–84. https://doi.org/10.1016/j.str.2013.05.013 PMID:

23823326

4. Farge G, Laurens N, Broekmans OD, Van Den Wildenberg SM, Dekker LC, Gaspari M, et al. Protein

sliding and DNA denaturation are essential for DNA organization by human mitochondrial transcription

factor A. Nat Commun. 2012 Aug 21; 3:1013. https://doi.org/10.1038/ncomms2001 PMID: 22910359

5. Hatch K, Danilowicz C, Coljee V, Prentiss M. Measurement of the salt-dependent stabilization of par-

tially open DNA by Escherichia coli SSB protein. Nucleic Acids Res. 2008 Jan 1; 36(1):294–9. https://

doi.org/10.1093/nar/gkm1014 PMID: 18032436

6. Hollis T, Stattel JM, Walther DS, Richardson CC, Ellenberger T. Structure of the gene 2.5 protein, a sin-

gle-stranded DNA binding protein encoded by bacteriophage T7. Proc Natl Acad Sci USA. 2001 Aug

14; 98(17):9557–62. https://doi.org/10.1073/pnas.171317698 PMID: 11481454

7. Iftode C, Daniely Y, Borowiec JA. Replication protein A (RPA): the eukaryotic SSB. Crit Rev Biochem

Mol Biol. 1999 Jan 1; 34(3):141–80. https://doi.org/10.1080/10409239991209255 PMID: 10473346

8. Laurens N, Driessen RPC, Heller I, Vorselen D, Noom MC, Hol FJH, et al. Alba shapes the archaeal

genome using a delicate balance of bridging and stiffening the DNA. Nat Commun. 2012 Dec 27;

3:1328. https://doi.org/10.1038/ncomms2330 PMID: 23271660

9. Lim CJ, Lee SY, Teramoto J, Ishihama A, Yan J. The nucleoid-associated protein Dan organizes chro-

mosomal DNA through rigid nucleoprotein filament formation in E. coli during anoxia. Nucleic Acids

Res. 2013 Jan 1; 41(2):746–53. https://doi.org/10.1093/nar/gks1126 PMID: 23180762

10. Lohman TM, Overman LB, Ferrari ME, Kozlov AG. A highly salt-dependent enthalpy change for Escher-

ichia coli SSB protein-nucleic acid binding due to ion-protein interactions. Biochemistry. 1996 Apr 23;

35(16):5272. https://doi.org/10.1021/bi9527606 PMID: 8611514
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