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Hexagonal two-dimensional materials with broken inversion symmetry (as BN or transition metal dichalco-
genides) are known to sustain chiral phonons with finite angular momentum, adding a further useful degree
of freedom to the extraordinary entangled (electrical, optical, magnetic, and mechanical) properties of these
compounds. However, because of lattice symmetry constraints, such chiral modes are constrained to the corners
of the Brillouin zone, allowing little freedom for manipulating the chiral features. In this paper, we show how
the application of uniaxial strain leads to the existence of unique chiral modes in the vicinity of the zone center.
We also show that such strain-induced chiral modes, unlike the ones pinned at the K points, can be efficiently
manipulated by modifying the strain itself, which determines the position of these modes in the Brillouin zone.
The present paper results add a technique for the engineering of the quantum properties of two-dimensional

lattices.

DOLI: 10.1103/PhysRevB.105.195431

I. INTRODUCTION

The possibility of exfoliating and growing two-
dimensional materials at the atomically thin level [1-7] has
paved the way for designing flexible systems with a striking
capability of converting mechanical deformations into
electronic or optical properties [8—11]. In the paradigmatic
case of graphene, as well as for other systems with
a hexagonal/triangular lattice, like h-BN or transition
metal dichalcogenides (TMDs), the entanglement between
electronic properties and the lattice is enriched by the presence
of two inequivalent sublattices. Note that the crystal structure
of single-layer MX, TMDs can be viewed from the top as a
hexagonal lattice, i.e., a triangular lattice with a proper basis
defined by M on sublattice A and the top/bottom X atoms
on sublattice B. Such an additional degree of freedom is
conveniently cast in terms of a spinor vector [12] which, in
the momentum space, is reflected in the occurrence of two
inequivalent valleys at the high-symmetry points K, K’. The
possibility of tuning the physical properties of two valleys,
and encoding there quantum information, has given rise to
the concept of valleytronics [13,14]. A peculiar feature of
the graphene, BN, and TMDs, due to their hexagonal lattice
symmetry, is that each valley is characterized by a remarkable
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chiral structure, with opposite chirality of opposite K points.
Furthermore, the breaking of inversion symmetry leads to a
gap opening which is accompanied by the onset of a finite
Berry curvature [15-18].

Lattice modes (phonons) represent a further degree of
freedom that can convey interesting quantum phenomena.
Moreover, it was recently shown that phonons in a hexago-
nal lattice with mass disproportion (e.g., BN or TMDs) also

biaxial strain

tensile/compressive
orthogonal
components

FIG. 1. Decomposition of a generic strain tensor in two main
components: a biaxial strain and a strongly anisotropic term with two
orthogonal components, with equal strain strength but opposite char-
acter (tensile versus compressive). In the sketch, the relevant angles
0., 6_ for the tensile and compressive components are defined.
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can carry an angular momentum and sustain chiral modes
in the same way as electrons do [19-28]. Manipulating the
properties of the lattice modes can thus provide an alternative
and complementary scenario with promising perspectives for
writing-in/reading-out quantum information.

The phonon dispersion of graphene presents a Dirac struc-
ture at the K, K’ points in the subspace of the acoustic/optical
modes. In a similar way to the electronic Dirac states, a key
role is played by the breaking of inversion symmetry, driven
by the mass disproportion, and leading to the opening of a
gap at K, K’. Just as for the electronic degrees of freedom,
as pointed out in the seminal work in Ref. [20], due to the
crystal symmetry, such chiral phonons are pinned at the high-
symmetry points K, K. Symmetry arguments predict that
chirality concepts could apply as well at the zone-center I'
point, where the degeneracy of the transverse and longitudinal
modes in the Cartesian basis can be as well expressed in terms
of two (degenerate) chiral modes with opposite signs. Such
opportunity is, however, not particularly useful for practical
purposes since the intrinsic degeneracy of the two modes does
not allow for a feasible manipulation of the chiral degree of
freedom. Degeneracy splitting is thus a necessary require-
ment. Within this perspective, applying a real magnetic field,
through the electron-phonon coupling, has been shown to
induce a chiral lattice polarization [29], whereas the uniaxial
strain has been discussed to be detrimental with respect to
chirality since it favors linear polarization [30-33]. Finding
the way of sustaining chiral modes in the closeness of the I"
point is thus of the highest relevance since it could open the
way for a direct probe of chiral phonons by means of optical
means at q & 0.

In this paper, we demonstrate chiral phonons that can be
conveniently generated and engineered close to the I point
in the optical branches of hexagonal systems with sublat-
tice inequivalence (e.g., h-BN, TMDs, gapped graphene) by
applying a simple homogeneous anisotropic strain. Further-
more, we show that such chiral modes appear in pairs of
opposite chirality and, unlike the chiral modes constrained at
the K, K’ point, the net momentum for each chirality does
not average to zero. The closeness of the chiral phonons to
the I' point on the other hand, opens the way for an optical
probe.

II. ANISOTROPIC STRAIN AXES

Before analyzing the effects of anisotropic strain on
the properties of the lattice dynamics at a microscopic
level, we introduce a few useful notations for characterizing
the strengths and axes of anisotropic strains. We consider
the tensor in a Cartesian basis for a generic anisotropic
strain,

e [exx sx,}’ )

Exy &y

where ¢;; = (0;ju; + d;u;)/2, and where d;u; is derivative
of the strain lattice displacement u; along the direction
i [34]. On the general ground, the above tensor can be
viewed as a superposition of an isotropic biaxial average

strain,
&y = (Sxx + l‘E‘yy)/z’ (2)

plus an anisotropic strain with a tensile (Ag/2 > 0) and a
compressive (—Aeg/2 < 0) orthogonal component, where

Ae = \/(sxx —£,)? + 462, 3)
The tensile and compressive strains are aligned along the

angles [35]:
. ) @)

Exx — Eyy

0, =0+ = Lot
4+ =6+ 5 = 5 arctan

The respective strengths of the strain along such characteristic
axes are thus obtained as

e =& £ Ag/2. (@)

The biaxial, tensile, and compressive components of the uni-
form strain are visualised in Fig. 1.

III. LATTICE DYNAMICS MODELING
A. Unstrained case

We consider the paradigmatic case a bipartite hexago-
nal lattice with two different masses M;, M, in the two
sublattices. We set the armchair direction along the x axis, and
we denote as atom 1 the atom on the left of the x-axis bond
[see Fig. 2(a)]. In the absence of strain, given the interatomic

(a) by &

FIG. 2. (a) Lattice structure and (b) Brillouin zone of a bipartite
hexagonal lattice. Atoms on sublattice 1 have masses M, atoms on
sublattice 2 have masses M,. (c) Sketch of the relevant geometry
and force-constant parameters employed in the present modeling.
Purple balls represent atoms on sublattice 1, blue balls atoms on
sublattice 2. Each atom on sublattice 1 is connected to three nearest-
neighbor atoms on sublattice 2 through three geometrically different
bonds. The force-constant ¢, rules the elastic properties of the lattice
displacement along the bond direction, ¢, the elastic properties of
the lattice displacement perpendicular to the bond direction. As an
example, we also depict 6, that is the angle of bond-2 orientation and
the x direction.
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distance a, for atom 1 we thus have three nearest neighbors at

80 =a(1,0),
80 = a(=1/2,+/3/2),
80 = a(—1/2, —v/3/2). (6)

Such geometrical structure is reflected in a corresponding
Brillouin zone as shown in Fig. 2(b).  To investigate the
features of the lattice dynamics and the lattice eigenmodes
analytically, we employ a force-constant model where the
elastic properties are determined by a set of spring parameters
associated with each interatomic bond. We define the vector
of the lattice displacements for the unit cell i in real u; and
momentum uq spaces as follows:

uy (r;) u1 x(q)

| ury(r) (@)

W= | M ) | ™
1y (r;) uz,(q)

The equation of motion for the lattice displacement along each
direction and for each atom reads

A Bzui A
M- (o5 =-> Kij-u, (8)
(i

where M is the diagonal mass matrix,

M, 0 0 0
o M 0 o0
M=lo o m o ©)

0 0 0 M

and K;_ ; is the matrix of the elastic constants in the real space.
Equation (8) can be equivalently written in the momentum

space:
. (0%uy .
M- (S50) = Ry ug (10)

For practical purposes, it is more convenient to introduce the
dynamical matrix Dg, based on the Lowdin’s orthogonaliza-
tion [36], defined as

Dy =M12. K, M2, (11)

and in the frequency space we get the (diagonal) matrix of the
phonon dispersion @y (and the corresponding eigenvectors)
from the solution:

Dy - €qs =0, - €q. (12)
Here the index A denotes the different branches of the phonon
dispersion.

The matrix K;_; can be evaluated at different degrees of
approximation, including a large number of force-constant
parameters to reproduce the realistic phonon dispersion of
specific materials [37-39]. For the purpose of the present
paper, however, to highlight the relevant physics governing
the chiral phonon properties, and following Ref. [20], we
employ a minimal model containing only one radial (¢,) and
one transverse (¢;) force constant acting between nearest-
neighbor atoms [see Fig. 2(c)]. It is convenient to define

in the Cartesian x — y space the stiffness matrix along with

bond 1 as
¢, = |:%’ f(P)t] (13)

In a similar way, the stiffness matrix operative for bonds 2 and
3 can be obtained just with a rotation matrix by 6 = £2x /3,

namely,
%:U_I(G)%U(G):%[—ﬁgﬁl¢,) _ﬁ(r(ﬁl;,m]’
=V O = élt L/g)(z;%» ngfr+_¢?t)]’

(14)

For the unstrain case, we have § = 27 /3 and therefore the
unitary transformation U(6) reads
V32

sing | | —1/2

cosf |~ [—/3/2 —1)2
With the help of Eqgs. (13) and (14), we can finally get an
analytical expression for Kg:

3 .80
A~ q’i —(I),'elq'af
Ky=) [_¢,e—iq-6§°’ ®, } (16)

i=1 !

cos 6
—sind

U®) = [ } (15)

B. Anisotropic strain

In the presence of anisotropic strain, the stiffness matri-
ces in Egs. (13) and (14) need to be adjusted to account
for two different effects: (i) the geometrical change of the
angles between neighbor atoms, implying different mixing
of the x and y components of the lattice displacements;
and (ii) the elongation/compression of the bonds, tuning the
spring constants ¢,(R), ¢,(R) whose values depend intrin-
sically on the interatomic distance R, in a similar way as
the case of hopping energies in electronic tight-binding mod-
els [8,40-45]. Both effects descend from the strain-induced
change in the nearest-neighbor vectors, which are modified as

si=1+e)-8". 17)
Therefore, we find

01 = a(l + &x, &yy),

B2 = S(=1 = e+ V3o, V31 +8) = ).

8= S(—1 — e = VBeg. =Bl +5,) —sy). (19)
Focusing first on the geometrical effect, it is useful to define

the modified angle in the Cartesian space between the two
bond atoms according to the relation

tan 6; = 8;,/3; . (19)
The rotation matrix for each bond is thus generalized as
cos 0; sin 6;
U®) = |:— sinf; cos 9,-]’ (20)

resulting in the following expressions along each bond in the
strained system:
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—&y 1

Ue) = [ ! %],

U6y = L[ 3o+ 2436y + 3ey, — 4
S 8 \/§8xx - 28xy - \/§(8yy + 4)

Ues) = L[ —3e, — 2338,y + 36,y — 4
T 8 _\/ggxx - 28xy + \/g(gyy + 4)

Note that such a geometrical effect is not present in the case of
biaxial strain that preserves the perfect hexagonal symmetry.
As mentioned, besides the pure geometrical change is the
stiffness matrix induced by the change in the angles between
neighbor atoms, one should account for the strain-induced
change in the value of the spring constants ¢,(R), ¢;(R). As
explicited in the expression, the strength of such parameters
depends itself on the interatomic distance R and in the pres-
ence of strain is also changed according to the expression

¢ = ¢z[1 Lo e 65‘”], (22)
’ a

where B;—,; = —91In¢,/9 In(a). Once both geometrical and
energy effects are taken into account, we thus obtain the
complete relations:

&i _ [ ir gl((pir - f,t)i|
- € & & )
_g1(¢1,r - l,t) 1
& — [ 5,80+ 85,85 —(¢5, — 95,8
2T (9L, — B3 )8 95,82+ 95,85 |

€ -¢§_,gz + ¢§,tg3
_(¢§,r - ¢§’[)g4

(B3, — ¢3,)84
#3,82 + ¢§,,g3] 23)

The elastic constants along each bond in the strained lattice
are given by

¢f,(z = ¢Z{1 - lgésxx}’

1
¢§.1ﬁ = ¢Z{1 - ﬂZZ(Sxx - 2\/§8xy + 38»,)},

1
05, = Pl — Bo— (e + 24360 + 35}, (24)

4
where
81 = Exy,
24 3(&x — &yy) — 2«/§sxy
82 = - ,
8
6 — 3(8xx - Syy) + 2\/§8xy
83 = s
8
24/3 3 — &yy) — 2
gy = \/_ + \/_(Sx)é gy}) gxy. (25)

Equations (23) and (24), once plugged in Eq. (16), define the
matrix of the elastic constants Kq, and hence the dynamical
matrix ﬁq, in the presence of strain, taking into account both
the geometrical effects and the changes in the spring strengths.

_\/ggxx + 28xy + \/g(eyy + 4)
3, + 2«/5%, +3ey —4 |

\/ggxx + 28)()7 - \/g(gyy + 4)]

. 21
—3e,, — 2436 + 36, — 4 @D

[
IV. STRAIN-DRIVEN CHIRAL PHONON MODES

Equipped with the above theoretical modeling of the lattice
dynamics in the presence of strain, we can now investigate
how uniaxial strain can give rise to chiral modes with specific
controlled momentum.

The fundamental information will be obtained from
Eq. (12), where the eigenvalues of the dynamical matrix
provide the phonon dispersion w;(q) whereas the eigen-
vectors €,(q) rule the lattice displacements and carry the
information about the chiral character. This can be captured
by switching the representation of the lattice displacements
from the Cartesian basis |x1), [y1), |x2), |y2), to the chiral
basis defined by [Ry) = (Ixa) +ilya))/v/2. |La) = () —
ilya))/ V2, (a = 1, 2). It is thus convenient to introduce the
phonon circular polarization [20],

502 (@ =Y (leran @I = leLas(@l®),  (26)

a=1,2

where €g/; o, are the phonon eigenvectors of the dynamical
matrix expressed in the chiral basis. The phonon circular
polarization is strictly related to the phonon orbital angular
momentum, which can be defined for each phonon band as

L 3(q) = hs.(q){ns(w:.(q)/T) + 1/2}, 27)

where ng(x) = 1/[exp(x) — 1] is the Bose-Einstein factor. In
the following, to better show the results of our paper, we use
the same force constant parameters employed in Ref. [20],
¢, =1, ¢, = 0.25, with an atomic mass difference M; = 1,
M, = 3 that reproduces qualitatively the case of MoS,. We
also take the value of the parameters §; appearing in Eq. (22)
as B;—,, = 3, which is a reasonable estimate in many materi-
als. In the absence of strain, the phonon dispersion displays
four bands (we number them A =1,...,4, from lower to
higher energies) with two optical branches degenerate at I"
with E,, symmetry and two acoustic branches. In agreement
with Ref. [20], for the perfect hexagonal lattice, we find chiral
modes with an opposite chirality at the K, K’ points for bands
2 and 3. An inspection of the eigenvectors shows that such
chiral modes have a pure-sublattice character, with the mode
of band 2 (3) involving chiral lattice displacements only of the
heavier (lighter) sublattice.

To reveal more clearly the onset of unique chiral modes
upon the application of an anisotropic strain, we consider a
strain tensor corresponding to a pure uniaxial tensile uniax-
ial tensile strain ¢, = 2% (e_ = 0) along the x (armchair)
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FIG. 3. (a) Phonon dispersion along the cut K" — I'-K for the
force-constant model described in the text, upon a uniaxial tensile
strain &, = 2% along the x direction. Brown, cyan, violet, and orange
lines denote phonon bands from A =1, ..., 4, respectively. Inset: A
magnification of the region close to the avoided-band-crossing point
Q. (b), (c) Corresponding eigenvectors of the lattice displacements of
bands 3 and 4. Black, red, green, and blue lines show the normalized
lattice displacement along x; and y; for atom i. Solid lines repre-
sent the real component, whereas dashed lines denote the imaginary
part. (d) Corresponding phonon circular polarization s, ; for all four
bands. Color code as in (a).

direction (64 = 0). The corresponding phonon dispersion
along the relevant vertical cut K’ — I'-K is shown in Fig. 3(a).
At the T" point (q = 0), we observe the well-known splitting
(very tiny on this scale) of the E>, phonons in two nondegener-
ate modes w_(I"), w (I')(w—_(I") < w4 (")) with eigenvectors
aligned along 6., 6_, respectively. As a general rule, the
softer mode w_ corresponds to lattice displacements along
the tensile axis 6, of strain direction (in this case, the x
direction), while the harder mode w, is associated with the
compressive strain along 6_. Such splitting, for the tensile
strain along x, implies a band crossing at momenta +Q along
with the y-axis K’ — I'-K cut based on the simple model
here considered with transverse-optical (TO) modes harder
than the longitudinal-optical (LO) ones. For the simple model
here considered, the TO mode is harder than the LO mode,
unlike the predictions of fully ab initio calculations. This
discrepancy does not affect the validity of the results of our
analysis, with the simple warning that predictions for tensile
strain might apply to compressive strain and vice versa. A
closer look at the phonon dispersion [see inset of Fig. 3(a)]
reveals that such phonon-band-crossing is just apparent but is
actually an avoided-band-crossing with a finite gap Awcy =
w4+ (Q) — w_(Q) between the two phonon branches.

g<Q q>Q

band3 <« ->

!

band 4
v
¢ .
\

FIG. 4. Sketch of the evolution of the relevant lattice displace-
ment fields close to the avoided band crossing, giving rise to unique
chiral modes. A uniaxial tensile strain along the x axis is assumed.
The top panel corresponds to the upper optical phonon band 4, lower
panel to the lower optical phonon band 3. For g, < Q, the lattice
displacements are dictated by the strain direction, as for the I" point,
with the softer mode being aligned to the tensile strain and the harder
mode in the orthogonal direction. Due to the band inversion, the
opposite scenario occurs for g, > Q. At g, = Q, the hybridization
with complex coefficients of the two modes gives rise to chiral

lattice displacement fields, with opposite chirality in the two phonon
branches.

A deeper understanding of the physics here at work can be
attained from the analysis of the phonon mode eigenvectors
€4.,.(q) [Figs. 3(b) and 3(c)]. As expected, close to the I' point,
in the strained case, band 3 and band 4 are characterized by
lattice displacements almost purely aligned along x and vy,
respectively, with atom 2 moving counterphase versus atom
1 (see Fig. 4). The opposite occurs for momenta larger than
the crossing point, where the order of the bands is reversed.
A true band crossing would happen if the eigenvectors were
purely real. However, a small imaginary component is always
unavoidably present at finite momenta. The presence of such
a finite imaginary part prevents a true crossing expected be-
tween bands with orthogonal lattice displacements, and the
switch between the lattice displacements of band 3 for |g,| <
Q and band 4 for |g,| > Q occurs through a sudden chiral twist
where the real x component acquires an imaginary y compo-
nent and vice versa (middle panels in Fig. 4). An analytical
description is provided in Sec. V. Right at the momentum
of the avoided-crossing point, g, = +Q, the eigenmodes of
bands 3 and 4 are described exactly by the chiral basis. This is
remarkably evident in the phonon circular polarization s, , (q)
for each band shown in Fig. 3(d). Here we can clearly see that,
besides the well-known chiral phonons at K, K’, unique chiral
phonons appear upon anisotropic strain in bands 3 and 4 close
to the I point, with opposite circular phonon polarization at
+Q. It is worth stressing that such chiral phonons present
strikingly different properties with respect to the standard chi-
ral phonon pointed out in Refs. [20,22]. Indeed, while chiral
phonons discussed in Refs. [20,22] are locked at the high-
symmetry points K, K’ at the edge of the Brillouin zone, and
they obey a threefold symmetry, the chiral phonons arising
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FIG. 5. Color map of As,; for the optical phonon band 4 upon
different values and directions of applied strain. Red and blue re-
gions represent positive and negative phonon circular polarizations,
respectively.

upon anisotropic strain have a tunable location in the Brillouin
zone controlled by the strength and by the direction of the
strain. Since for vanishing strain |¢| — O the ¢ momentum
of such chiral phonon approaches zero, |Q| — 0, for small
strain, these phonons are expected to appear close to the I'
point, where spectroscopic optical probes can be effective.

To highlight the role of the anisotropic strain, we analyze
for each phonon band the change in the phonon’s circular po-
larization induced by the anisotropic strain, namely, As,;, =
5:.2.(8) — 5,.2(¢ = 0). The tunability of such chiral phonons by
means of strain is shown in Fig. 5 where we plot in a color
map As,, of the optical phonon band A =4 for different
magnitudes and directions of the applied strain. We see that
increasing strain shifts the momentum +Q of chiral phonons
at larger values, whereas the presence of a shear component
rotates Q away from the crystallographic axes. As a general
rule, a couple of such strain-induced chiral phonons with op-
posite circular polarization appears along the direction in the
reciprocal space perpendicular to the strain tensile component
in real space.

The dependence of Q on the strain magnitude is shown
in Fig. 6(a), while in Fig. 6(b) we plot the value of the
phonon gap Awg,; between bands 4 and 3. The numerical
results appear consistent with a square-root behavior for the
momentum Q ~ +/Ag, whereas the gap shows a dependence
Awen ~ (Ae)Y/2.

V. LOW-ENERGY MODEL DESCRIPTION

Complete control and prediction of the properties of these
chiral phonons upon strain can be analytically achieved by
introducing an effective reduced-model based on a Schrieffer-
Wolf transformation.

0-3 T I T I T I T I T

Q/Q,,

g 1e-03|- opi
<

1 l 1 l 1 l 1
0e+0 1 2 3 4 5

€, (cyo)

FIG. 6. Dependence of crossing point Q (a) and of the phonon
gap Awe (b) upon the strain magnitude for uniaxial tensile strain
along the x direction (6, = 0). Black symbols represent results using
the full force-constant model; the dashed red line the analytical
predictions using the two-band model.

For practical purposes, we perform the derivation in the
Cartesian space, whereas the equivalent expression in the chi-
ral basis can be eventually obtained by a final rotation. We
start our analysis by defining the dynamical matrix of the full
lattice model at the T" point (q = 0):

5 ®;/M, _&)i/\/MlMZ]
D = R K . 28

=2 [—@/\/—Mle @,/M; 29
Such matrix can be diagonalized by the unitary transformation

Ao A A Aol . .
Ar:Dp = ArDrA[ . Itis straightforward to notice that

N _ 2 inZ 62><2
r 1-|:02><2 02><2i|’ (29)

where 15,5, 0,5 are the identity matrix and the null matrix,
respectively, in the 2 x 2 space. The unitary transformation
Ar can now be used to express in such basis the full lattice

dynamicAal matrix for generic q: ﬁ:l = [\rf)qf\;l. In full gen-
erality, D can be decomposed as

D, =D, + V,. (30)
/
0.q

optical and acoustic modes whereas V, is off-diagonal and it
accounts for the finite hybridization between these two blocks:

A D’ 0 . 0 Ve on
D/ — [ d,op R jI’ V — [A+ q,0p aci|.
0 O Dil,ac d Vq,opfac 0
€1y

where D), . is block diagonal with respect to the subspaces of

By construction, it is easy to see that Vq — 0 for |q| — 0. To
obtain an effective model valid at the ¢> order for the two-band
subset of the optical modes, we expand the matrix elements
IA)(,’ q Up to the g* order and Vq up to the linear order. The final
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effective model is thus achieved by performing the Schrieffer-
Wolf transformation,

A A A

+ [Vq. Sql + 5[[[321, Sql, Sq1 + higher-order terms,

(32)
where Sq has an off-diagonal form
5 O2><2 f?
Sq=1| 75 A, 33
4 [—lel 022 3)

and where the 2 x 2 matrix fjq can be identified by imposing
the condition of cancellation of off-diagonal (the g-linear)
terms:

Vg + 1D, S =0. (34)
The final effective model in the 2 x 2 subset of optical
branches follows
L N | N N R
Déff,op = Dii,op + E[ﬂévq,owac + V:;,opfacnq]' (35)

The 2 x 2 model so obtained is derived in the Cartesian
Hilbert space. It is, however, more convenient to work directly
in the chiral basis, v; = (v3 + iv4)/ﬁ, vg = (v3 — iv4)/«/§.
In such a chiral basis, the phonon properties are described by
the dynamical matrix up to the linear order in strain,

Do(q) + D:(q), (36)

where Dy(q) accounts for the lattice properties in the absence
of strain, while D.(q) contains the corrections due to an
anisotropic strain. More explicitly, close to the I point, we
can write

A 1 —aylq)? aq;
Do(q) = w? L.l 37
0(‘1) wl“|: 6116]12g 1— Cl0|q|2 (37)

where g;/r = g £ ig,. The resulting phonon bands in un-
strained case are thus described by

w+(q) = y+(qQ)or, (38)
where
y2(@) =1 — (ap £ an)lql. (39)

The strain correction term, on the other hand, can be computed
at the leading order in the ¢ — O limit and it reads

o1ER
—20[080:| ’ (40)

—2(2(080
Q1€

D.(q=0)= w%[

where &7/p = € — &,y £i2¢,,. The phonon bands in the
presence of anisotropic strain, computed by diagonalizing
Do(q) + D.(0), thus read

0+(q) = yz.(qQor, (41)

where

Y2.(@) = 1 — aglql* — 2a0e0

+ \/[al(q)% - q%)_al (gxx_g)’Y)]2+4[61161qu+a18xy]2-
(42)

The numerical values of ag, a; are dictated by the micro-
scopical parameters of the force-constant model. Using the
values employed in the main text, ¢, = 1, ¢, = 0.25, M| = 1,
M, = 3, we obtain numerically agp = 123/1600, a; = 9/320,
ap = 3/2, and a; = 3/20. Note that, although the parameters
a;, a; are here evaluated within the minimal nearest-neighbor
force-constant model, the validity of Eqgs. (37)—-(42) holds
true in full generality for realistic phonon bands where
the parameters a;, o;, as discussed later, can be extracted
from first-principles calculations or from direct experimental
probes. Based on Eq. (42), we can now analytically identify,
limited to a quadratic expansion in q?, the momentum Q
where a band anticrossing occurs and chiral phonons appear.
For the instructive example of uniaxial tensile strain along
the x direction, e, #0,6_ = 0,0, =0, we find Q = (0, 0,),
where

o1€4

0=/~ (43)

Using the values of ag, a;, o, o derived above, we obtain the
analytical predictions shown in Fig. 6, in perfect agreement
with the numerical results for the full phonon band dispersion
[Fig. 3(a)]. For generic case, including shear strain, we find
that the momentum Q4 = £Q(cos ¢, sin ¢) is univocally de-
termined by the strain tensor, with the angle ¢ aligned along
the compression direction, ¢ = 6_, and Q® being determined
by the strain difference between the two main components:

o

Q% = |—|Ae. (44)

aj

It is worth mentioning that using in Egs. (37)-(40) an
expansion for small strains hence small q's is very efficient in
determining the location of these chiral modes and predicting
a true phonon band crossing with two degenerate modes at Q,
not a well-defined chiral character. A true gap, and thus a ro-
bust chiral character, is recovered, however, in a more realistic
modeling when a higher-order dependence on the momenta is
retained. From a dimensional analysis, since |Q] scales with
the square root of the strain amplitude, one can realize that the
next leading order effects are driven by the cubic g° terms in
Eq. (37)2 which lead to a correction Do(q) — Do(q) + D, (q),
where Di(q) o Alq|*63. The gap Awe = 04(Q) — w_(Q)
between the two unique chiral modes appearing under strain
is predicted thus to behave as

Aweni x (Ag)*?sin(3¢). (45)

The strain dependence of the gap Aw.y; between the two chiral
modes is also shown in Fig. 6(b) by comparing the numerical
results obtained by the effective phonon dispersion evaluated
with the force-constant model with the effective two-band
model. Once again, we find a striking agreement.

VI. DISCUSSION AND EXPERIMENTAL PROBES

In the above sections, we have elucidated the fundamental
physical mechanisms ruling the onset of unique chiral modes
in the presence of anisotropic strain. To this aim, we have
employed the simplest minimal model containing all the basic
physics needed to account for this phenomenon. To assess
the actual role of these modes in physical observables, and to
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outline possible experimental probes, a further step toward a
more quantitative analysis is needed based on material details.

Hexagonal boron-nitride (h-BN) and TMDs are among
the best candidates for detecting and manipulating chiral
phonons. Focusing on the in-plane optical branches close
to the I point, typical phonon energy scales range from
(') ~ 1350 — 1370 cm~! for monolayer h-BN [39,46—
48] to (') ~ 385 —390/357/248 cm~' in monolayer
MoS,/WS,/WSe,, respectively [49,50]. Using Fig. 6 as a
qualitative estimate, and considering realistic values of the
strain, the gap predicted by such simple modeling can be of
the order of a fraction or 1 cm™!.

It should be kept in mind, however, that the simple model
so far employed is just meant to point out the fundamental
mechanisms, but that for quantitative analysis in real systems,
one should take into account detailed material characteristics.
However, the predicted strain-induced band inversion of two
optical bands is a robust feature independent of the material
characteristics.

Focusing on the case of h-BN as a template, we take a
proper mass choice M; = 10.8, M, = 14 a.m.u., and we can
estimate ¢, = 166 eV/A2, ¢, = 83 eV/A2, corresponding,
in the unstrained case, to an optical in-plane phonon fre-
quency ws;4(I") = 1370 cm~! and to a phonon frequency of
the highest optical branch at the K point w4(K) = 1120 cm ™',
in agreement with first-principles calculations [48]. With
these values, and assuming f; = 3, for an uniaxial strain of
2% along the x direction, we get a strain-driven splitting
of the optical modes at the I' point as Sw (') ~ 3 cm™!
and the onset of chiral phonons at |Q| = 0.2 A1, with
a gap between the chiral modes Awcp; & 0.2 cm~!. These
model-based estimates can be compared with an analysis
based on first-principles calculations. The first striking dif-
ference comparing simple models with accurate ab initio
data is prompted by the phonon dispersion in the unstrained
case close to the I' point, which in first-principles cal-
culations present opposite curvatures for the two optical
branches (see Fig. 3(b) of Ref. [48]). A simple force-constant
model cannot catch this behavior based on only two pa-
rameters. From the same Fig. 3(b) of Ref. [48], we can
estimate a phonon dispersion for the optical branches w4(q) =
wopt + Alq|?, @3(q) = wop — Blq[?, with A =25 cm~!/A2,
B=80cm /A2

Furthermore, the actual experimental scenario suggests for
few-layer h-BN, a strain-induced splitting rate ~13 cm~2/%
[51], resulting for ¢ = 2% in a corresponding splitting at the
" point Awep (I') ~ 26 cm~!, one order of magnitude larger
than the prediction of the simple model. Similarly, using these
realistic values, we get |Q| = 0.5 A~'. The present analysis
thus suggests that, using monolayer h-BN as an example, the
energies of the strain-induced changes in the optical spectra
and the predicted momentum of the chiral phonons can be
much larger in realistic materials than in the simple model-
ing using few force-constant parameters. The relevant energy
scale of the chiral modes is expected to also be larger in
TMDs, where the larger mass difference between the sublat-
tices emphasized the chiral features. A detailed analysis of
the strain-induced chiral phonon based on density-functional
theory (DFT) calculations lie outside the aims of the present
paper that has been focused on revealing the fundamental

physics underlying. Future investigations using ab initio tech-
niques are thus encouraged and welcome.

It is also worth discussing the possible ways for detecting
and manipulating these chiral modes appearing close to the
zone center. In this direction, a key role is played by the mag-
nitude of the gap between the chiral modes Awy;, taking into
account different materials (h-BN, TMDs, etc.) and different
theoretical (model-based or DFT-based) analyses, can range
from fractions of cm™! to few cm™!. A direct spectroscopy
probe of the chiral modes can thus be feasible in the latter
case, whereas it is probably challenging for more conservative
estimates. Further promising scenarios can come from near-
field optical techniques, where finite q optical excitations can
be launched, and couple to the chiral phonons considered here.
Tuning the near-field conditions to better probe q ~ Q,,, with
a circularly polarized light, might be efficient in selectively
exciting phonon modes with a specific chirality.

Besides the spectroscopy insights, an alternative path for
detecting the role of these chiral modes is through their impact
on macroscopic quantities. It should be noticed indeed that,
due to such chiral modes, the system acquires a finite chiral
wave vector defined as

Q=) Qis.1(Qinp(@(Q)/T). (46)

M=%

where, we remind, A is the branch index, i = + identifies the
location in the Brillouin zone of the paired chiral phonons,
and np is the Bose-Einstein thermal factor. This is signif-
icantly different from the chiral modes at the K points in
the absence of strain where the threefold symmetry enforces
Q = 0. The temperature thus has a crucial role ruling the
finite but different populations of the gapped chiral modes
for a given Q;. Simulating MoS, with characteristic phonon
energies of optical phonon about ~390 cm™!, a hypotheti-
cal splitting of the chiral modes of 10 cm~! would give at
room temperature (7 = 300K) a difference in the popula-
tion Ang of the opposite chiral modes of about Ang ~ 1%.
This rate increases, however, at Ang ~ 5%, within the range
of possible experimental observation. Such an estimate thus
suggests the possibility of triggering chiral properties under
nonequilibrium pump-probe ultrafast conditions, where a se-
lective huge nonthermal population of phonons (hot phonons)
with effective temperature Ty, ~ 1000 K can be induced due
to preferential electron-phonon channels. A common trait of
two-dimensional hexagonal materials is indeed that the pump-
induced energy, initially stored, in the electronic degrees of
freedom, can be quickly transferred to few lattice modes,
corresponding to intravalley and intervalley scattering. Those
modes (including Q,,) can thus get hot, with effective temper-
atures that can reach the order of 10 K, making the possibility
of probing the effects of a finite Q more accessible. The occur-
rence of hot phonons in graphenes/graphite has already been
assessed, and h-BN and TMDs are among the best candidates
for similar physics [52-58].

A final mention concerning the possible ways of probing
these (strain-driven) chiral phonons at small q's is through
their effect on the acoustic modes. As discussed above, at Q,
the physics of the avoided crossing point is strictly reflected
in the optical branches, inducing modes with opposite chiral-
ities s;3/4(Qq) ~ £1. However, a small but sizable chirality
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content is also present at Q, in the acoustic branches, with
5:.1(Qq) &= —0.16 and 5, 2(Qy) =~ 0.15, with anet s, 1(Qy) +
5:2(Qy) = —0.01. Although less strong than in the opti-
cal branches, keep in mind that such difference applies to
modes that are strongly nondegenerate. Furthermore, the low-
energy of the acoustic lattice modes makes them thermally
populated and highly relevant for transport properties. The
strain-induced chirality might thus be feasibly probed through
the macroscopical effects related to the small but finite chiral
content of the acoustic modes.

VII. SUMMARY

We utilize lattice deformation to break the threefold
symmetry of hexagonal 2D material. This induces a band
inversion in optical phonon bands, forming a chiral phonon
mode near the zone center. We discuss the implication of
strain in controlling the location of the chiral mode and its
chiral strength. Our study can attract the interest of condensed
matter researchers from different fields such as 2D systems,

topological materials, strain engineering, topological thermal
transport, etc. Our work highlights the importance of lattice
deformations in manipulating phonon bands and, in partic-
ular, how strain can represent a suitable tool for controlling
topological and geometrical (e.g., Berry curvature and orbital
angular momentum) properties of phonons. This paper can
motivate many investigations of strain on topological phonons
in 2D materials and their heterostructures. The field of chiral
phonon is developing very fast and we expect a rapid exten-
sion of the field along with the strain-driven effect on phonon
dynamics.
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