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1. Introduction

Torsion is a geometric property of space-time describing the
failure of a parallelogram spanned by two vectors to form a closed
curve. In a perhaps more intuitive wording, vectors are twisted
when parallel transported around a curve in a differential man-
ifold with torsion [1]. While there is seemingly no experimental
evidence for torsion in the space-time of our universe, there are
extensions of general relativity that include it, such as the Einstein-
Cartan theory [2].! In materials, however, torsion does exist in the
form of e.g. dislocations, and has been discussed in the context of
Weyl semimetals [4-10], topological insulators [4,11,12], graphene
[13], or Helium-3 [14]. Recently, there has been an increasing in-
terest in condensed matter in what has been called (perhaps mis-
leadingly) torsional (or Nieh-Yan) anomaly [4,12,15-29]. It repre-
sents the non-conservation of the chiral current of Weyl fermions
given by the so called Nieh-Yan tensor [30]. Due to dimensional
reasons, the Nieh-Yan tensor has to be accompanied by a dimen-
sionfull quantity in the anomaly equation. In vacuum this can only
be the cutoff making it very ambiguous from the point of view
of relativistic quantum field theory. In the condensed matter set-
ting, however, there is a natural cutoff that could provide such a
scale so that the Nieh-Yan term can arise [4,12,21,22,26-29]. It has
also been argued that temperature could do the trick, claiming that
there is a universal Nieh-Yan contribution to the anomaly which is
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proportional to temperature [23-25,31]. This is in line with some
of the recent works which have studied chiral torsional transport
at finite temperature [32-34].

Much of the motivation in looking for chiral torsional trans-
port comes from the well established chiral magnetic and chiral
vortical effects (see [35-38] for reviews). Both of them are di-
rect consequences of anomalies [39-46]. In this letter we derive
Kubo-formulas for chiral torsional transport, and show that in fact
there is no dissipationless chiral electric transport as a response to
torsion (to linear order in the torsion tensor), and that previously
derived and discussed results in the literature can be understood
as just a manifestation of the chiral vortical effect (CVE).? A simi-
lar conclusion has been reached in a recent model based on the
gauge-gravity duality [48]. Chiral torsional effects in fluids with
anomalies have also been recently investigated in [49]. The treat-
ment there relies on writing the contorsion tensor in terms of a
dual axial vector field and does not directly address the question
of transport induced by a genuine torsional anomaly given by the
Nieh-Yan tensor.

2. Torsion and possible dissipationless transport terms

On a formal level, the torsion tensor is given by the anti-
symmetric part of the affine connection

Qﬁvzrﬁv—r‘)}“. (1)

2 In contrast to geometric torsion, twisting a crystal deforms the crystal lattice
and can lead to manifestations of the CME [47].
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In the following we will often employ differential form notation.
We therefore introduce the vielbein e = ede“ and the spin con-
nection o®p = wy “ pdx*. The vielbein has a unique dual and obeys

the relations

a i a a b

el,LEb = 8[) ’ eﬂevnab =8&uv, (2)
where the tangent space metric is n = diag(+, —, —, —). The ep-
silon tensor is €;p) = ezeﬁe;eieabcd where €44 is taken as the

totally antisymmetric symbol with €p123 = 1. Torsion and curvature
are then the two forms

0% =de + w®p AP, (3)
RYp=do®p+%c A . (4)

Assuming the vielbein to be covariantly constant gives a unique
relation between all the components of the vielbein, torsion and
spin connection @w®¢ = E“awff

1
whe — iE“aE”b(aﬂe‘C) — dvef, —05,) — (ach) — (bca). (5)

We will investigate if the presence of geometric torsion can lead
to chiral transport analogous to the well known chiral magnetic
and chiral vortical effects, CME and CVE respectively. We will con-
sider minimally coupled spinors with action

i - _
s=3 [Fey AVu+Tiayy). (6)
where
vw=«w4A—M%s—§w”mww, (7)

and y = y4,e® and x denotes the Hodge star. On a p-form «
the Hodge star acts as o = (D+p)!p!€”«1mﬂD—pV1mvpdxflL A A

dxg_pot”""”l’. The matrices y® are the Dirac matrices in a con-

venient representation, Xg, = %[ya, p] are the generators of the
Lorentz algebra in spin representation, and 5 = —ix (Y AY A Y A
y). Projection onto right- and left-handed chiral fermions can be
done with the chiral projectors Pr | = %(1 + ¥5). We define the
current and axial current as three forms by

85:/6A], (8)

55:/5A5 Js. 9)

These are the Hodge duals to the currents jé). The spin current is
similarly defined by

1
85:/§8a)ab5ab. (10)

In our free fermion model these currents are

J=v*yy, (11)

Is=v*yysy, (12)
1-

Sabziw{*yvzab}w- (13)

Because of the identity

Va Vb, Vel) = di€apcays v (14)

the components of the spin current are given by the components
of the axial current. We note however that the conservation equa-
tions of axial and spin current are independent of each other. On
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the quantum level the conservation equation might be broken of
course by anomalies. It is well known that CME and CVE are con-
sequences of chiral anomalies.

For torsion a candidate anomaly term is the so-called Nieh-Yan
tensor

d(e* ABy) =60" Ay — Rap Ne® Aeb. (15)

One immediate difference to the usual F A F or tr(R A R) terms
appearing in the axial anomaly is that the Nieh-Yan term has only
dimension two. This means that as a possible contribution to the
anomaly it has to be multiplied with a dimensionfull quantity A
in a candidate anomaly equation. In vacuum the only candidate for
such a scale is the cutoff and the axial anomaly upon §A> = dis
would then be

85:—/A5d]5=/A5[CAFAF+CgR“b/\Rab

+crA%(0% A6y — Rgp Ae® AeD)]. (16)

We note that both fields, the torsion and the vielbein, are well de-
fined tangent space tensor valued forms. The Nieh-Yan tensor is
therefore a total derivative of well defined tensor fields. This is
not true for the second Chern class F A F or the Pontryagin class
R%® A Rgp. The latter two can not be written as derivatives of well
defined tensors but the corresponding Chern-Simons terms show
explicit dependence on the local value of the connections A or w®.
It seems therefore that the Nieh-Yan term could be removed by a
suitable counterterm if e A 6, is simply interpreted as a contribu-
tion to the current. This still leaves the problem that the coefficient
of such a contribution to the current depends on the cutoff scale
A and seems therefore highly ambiguous from the standpoint of
relativistic quantum field theory. That said we note that in a con-
densed matter context in which there is a natural cutoff it has
been argued that indeed such terms do arise in [4,12].

For this reason the notion of torsional anomaly is a rather com-
plicated one. Instead of basing our discussion on the conservation
equations we will directly calculate possible torsional analogues
of CME and CVE via Kubo formulas. We will investigate if (dissi-
pationless) currents proportional to the torsion can be generated if
physically well defined low energy scales are present in the theory.
This makes it natural to consider the theory at finite temperature
and chemical potential. Since we are after dissipationless currents
analogous to the chiral magnetic and chiral vortical effects we also
impose the restriction of time reversal invariance. This has been
shown to be a very useful approach to CME and CVE in [50]. In
order to do this we need a suitable notion of time reversal. An
equilibrium state of a quantum statistical system is defined by the
temperature and the chemical potentials for the conserved charges,
in which we include the momenta. Therefore the state is charac-
terized by T, w, and u®. The latter encode the chemical potentials
for the momenta. We can think of it as a four velocity normalized
to ugu® = 1. Thus only three components are independent corre-
sponding to the three momenta. The general statistical operator is

1
p=eXP[—7(uaPa—/Lfo)]- (17)

The index f runs over the different conserved U(1) charges, e.g.
vector and axial charge in the case of a Dirac fermion and P9 is
the four momentum

Qf=/]f (18)
>
Pa:!Ta. (19)
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Table 1
Action of time reversal.
A(5) e? a)”b d ](5) Sub Ug y23 T *
T -1 +1 +1 +1 +1 —1 —1 +1 +1 —1

Here ] are the conserved current three forms, T, is the energy-
momentum three form (see (34)) and X is an everywhere space-
like hypersurface. We define time reversal by 7 : u; — —u,. We
can assign consistent time reversal eigenvalues to the fields. (See
Table 1.)

The action on the spinors depends on the representation of
the Dirac matrices. Since time reversal acts anti-unitary taking the
imaginary unit i — —i, it is easiest to chose momentarily a Majo-
rana representation in which all y,; matrices are purely imaginary.
Taking then 7 : (¥, %) — (¥, ) leaves the action invariant.® This
allows to classify possible response terms in the current J accord-
ing to their eigenvalues under the 7 operation. As an example
we take the possible responses due to presence of a gauge field
A. Since the current should be a gauge invariant operator the re-
sponse has to be expressed in terms of the field strength F = dA.
To linear order there are two possible terms

J=0qu A*F + 0cmett A F . (20)

The first term is 7 odd and represents the usual Ohmic conduc-
tivity whereas the second term is 7 even and represents the CME.
In the same way we can now classify possible 7 even response
terms that depend at most linearly on torsion or vorticity du. We
find

J=pxu+cyundu+cluguy0%’ + cf Payoeb, (21)

where we defined the projector Py, = 1gp — Ugqtp. A formally com-
pletely identical expression can be written down for the axial cur-
rent. As we will see it is necessary also to consider the convective
term o »u of zero order in derivatives. The reason is that torsion
contains both zero and first order terms in derivatives, and this is
important to take into account in the following. The chiral vortical
coefficient cy can be calculated via Kubo formulas by assuming a
pseudo-Riemannian spacetime with vanishing torsion [52]. In the
normalization of eq. (21) the chiral vortical coefficients for Weyl
fermions are [43]

2 2
MR L T
cy ==+ : — 1. 22

v (87t2 24 (22)

The corresponding expressions for vector and axial current are ob-
tained by taking the sum and the difference.

3. Derivation of Kubo formulas

There are now in principle two ways to derive Kubo type rela-

tions for the unknown transport coefficients CT and CT The first
possibility is to take a flat background geometry e? = dx® and
%y =0, and then introduce a suitable and infinitesimally small

3 This is not the usual version of time reversal discussed in textbooks. In order to
connect to the usual one we note that our 7~ in flat spacetime takes e = 8 — —5?,
i.e. it changes the background. To compensate for this one can combine the 7 op-
eration just defined with an O(1,3) transformation A%, = diag(—1,1,1,1) acting
on the tangent space indexes. This combined operation 7~ is effectively the usual
time reversal operation in Minkowski spacetime. Its matrix representation T’ acts
as T'(y%) : T'y%*1T' ' =y% and 7'(y)) : T'y™*T’~! = —y'. In Majorana represen-
tation T = y%ys as discussed e.g. in [51].
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component of the spin connection §w, “) while keeping the viel-
bein fixed.

Since the spin current is determined by the components of the
axial current, we also note that switching on the spin connection
is equivalent to switching on certain components of an axial back-
ground field A, In particular we consider the response to the spin
connection components dwyty = dwx¥¢, Swr*y = —Swy ¥ x, and
8wy ; = —8wx*y. Because of the identity (14) this has the same
effect as switching on the axial gauge field perturbations § A2, aAf.
The response can therefore be expressed as

JF= —(c +c)8A2, (23)
J? = —cF8A3, (24)
Ji= (ﬁ —c)sAS. (25)

In the last equation we have taken into account that a varia-
tion of the temporal component also shifts the chemical potential
8 = §A;. Therefore the zero order term in (21) also contributes to
the response (25). As usual we interpret these expressions as the
expectation values of the current an charge. Differentiating with
respect to the axial gauge field components therefore gives two
point correlation functions

<JZ]§) —(C +CT) = CT , (26)
gty _ 8_10 L
(J'Js) = s CT . (27)

Instead of the vector current | we could also have considered the
axial current Js. Note that the charge susceptibility, dp/dus, is
defined precisely by (J¢] g) evaluated in the thermodynamic limit,
which is to say that one first takes the frequency to zero and then
the momentum. The correlator is quite standard to evaluate (see
for example [53])

MMS

U5 =L~ 1w, By, (28)
+

(55 = (% LSRN (29)

where

lopy= 12 _1® (30)

@P=] miwrp @

with § = ¢/q. In the thermodynamic limit I = 0 and one gets
(JUJ%) = ap/ops = 2ups/w? and (J§JE) = op/opn = (u* +
w?)/m? + T?/3. Because we are looking for time-reversal invari-
ant response terms similar to CME and CVE, this is precisely the
limit we have to impose. It therefore follows that

ct =cl=o0. (31)

To cross-check this result, we can also evaluate ( ](25) J%) (again
from [53])

M/J«S

-

I(w, p), (32)

(J2I5) =

T2

W S —)1(w ) (33)

(J3I5) = (——5—=+

which indeed vanishes in the thermodynamic limit and confirms
result (31).
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Alternatively we could also derive this result by considering a
spacetime background with vanishing spin connection and a viel-
bein of the form e? = dx“ +thX“. and work to linear order in hf;-
The energy and momentum currents are defined as

(SS:/TarSe“. (34)

Again this is the Hodge dual to T. For the minimally coupled
theory

Ta = €abcae” A€ A (TYIVY = Ty ). (35)

We note that this definition distinguishes between the energy cur-
rent Tt“ and the energy and momentum densities T.. Switching
on a perturbation de* = ht(y)dx leads therefore to an insertion of
the x-component of the energy current, whereas the perturbation
8e¥ = h¥(y)dt couples to the momentum density in x-direction.
The perturbation e’ = hidx modifies the one form u = use® and
therefore enters in the chiral vortical effect. Momentum is a con-
served charge and an ensemble in equilibrium is also defined by
the corresponding chemical potential, the fluid velocity u®. There-
fore switching on the perturbation hfdt leads also to a shift in
the fluid velocity as is clear from (10) and (34). This is completely
analogous to the increase in the chemical potential due to a vari-
ation in the temporal component of a gauge field §u = §A;, and
thus su* = sef. The corresponding response to both types of per-
turbations is therefore a linear combination of chiral vortical effect
and a possible torsion response

J =—(cy +chydntdrdx, (36)
J = (cy + c7)dh}dtdx. (37)

We get correlation functions of current and energy current and
momentum density by taking h} and h¥ to depend only on y. Then

(JAT®) = (cy + cbyipy (38)
(JFT™) = (cy +c3)ipy . (39)

Now we note that these exact correlators have been calculated in
[43] with the result that both exactly equal the chiral vortical co-
efficient c,. Therefore we find again the result (31).

4. Conclusions

We have derived all possible time reversal invariant torsional
responses (to linear order) in the electric and axial currents of a
Dirac fermion minimally coupled to geometric torsion. We have
shown that all such coefficients vanish. This implies that there
is no universal chiral transport under torsional fields. This clari-
fies some discussions in previous literature, where the responses
found can be explained as responses to vorticity through the CVE
in a generalized background geometry. Indeed there is an ambi-
guity in formulating the CVE response. By defining the tangent
space valued vorticity one form ©; = Dug and noting that du =
dug A e + ugde® + ugw? p Ael —uqw®y Aed = (Dug) Ae? + 6%, the
CVE can also be written as

J=cvundu=cyun (Q re’+60%y) . (40)

Formally the absence or presence of response to torsion depends
therefore on the definition of vorticity. The transport coefficient is
however always given by the chiral vortical one.

Finally we would like to comment on the generality of our
results. We considered a minimally coupled spinor in which the
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identity (14) played a major role in identifying the spin current
with the axial current. This means that the spin connection is al-
ways projected onto its totally anti-symmetric part and enters the
theory only through the combination 1€®®wg,. in which it cou-
ples to the axial current. Our result on the absence of the torsion
coefficients C;-”’l) has been obtained in two independent ways. The
derivation via the vielbein couplings does not depend on (14) and
is therefore generally valid.
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