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Visualizing the topological pentagon states
of a giant C540 metamaterial

Danwei Liao 1,7, Jingyi Zhang2,7, Shuochen Wang1,7, Zhiwang Zhang 1 ,
Alberto Cortijo3, María A. H. Vozmediano 3, Francisco Guinea 4,
Ying Cheng 1,5 , Xiaojun Liu 1,5,6 & Johan Christensen 2

Systemswith broken continuous symmetry in ideal lattices cannot be rectified
through rearrangement or deformation. Topological metamaterials featuring
nontrivial, artificially induced phase transitions have emerged as pivotal con-
stituents for engineering these topological defects, which, until now, have
mostly been experimentally realized in linear or planar configurations. Buck-
minster Fuller lent his name to the C60 ball-shaped carbon allotrope, which is
not only the roundest molecule in existence but also embodies 3D topological
defects. Here, we construct a C540 metamaterial composed of interspersed
pentagons in a hexagonal network of hollow tubes and cavities. By 3D printing
this giant closed-cage topology, the nontrivial state-confinements can be fully
controlled and visualized, which, in contrast, in synthesized or naturally found
fullerenes, is highly challenging. Thanks to our macroscopic metamaterials
approach,weare able tomap in real-space topological pentagon states probed
by sound waves. Our results show how a seemingly unrelated approach can
unveil deep physical understanding in carbon allotropes and potentially in a
plethora of other complex systems in the near future.

Buckyballs were first synthesized through laser evaporation but were
also found in shungite rocks and carbon-rich stars1–5. The topology is
recognized for its influence on the electronic characteristics of full-
erene molecules, especially in closed-cage systems where they are
determined by their inherent topological defects. Topological phases
of matter began to see the light of day in connection with Dirac
materials, low dimensionality, and strong magnetic fields, yet a land-
scape of almost ordinary bulk materials has been characterized as
topologically nontrivial6,7. As opposed to selecting a natural material
for its given symmetry and topology, topological metamaterials take a
different route toward a targeted purpose, such as robustwaveguiding
of light or sound8.

The departure from flatness in graphene is usually caused by
unwanted nanoscale structural distortions, e.g., ripples, or intentional

strain engineering, which in both cases are accompanied by pseudo-
magnetic gauge fields, known to significantly alter the electronic
properties of graphene and 2D materials in general9–12. In particular,
these strain-induced gauge fields have been thoroughly brought for-
ward in connectionwith elastostatic deformations (local curvatures) in
rolled-up carbon nanotubes and also in topological defects13–15.
Extensively studied topological defects lacking rotation symmetry are
disclinations formed through Volterra’s cut-and-glue process. This
prominent approach consists of removing a wedge in a hexagonal
flake, after which enormous elastic strain is created, forcing an out-of-
plane bend, upon regluing the flake. The fictitious gauge field
accounting for such bending, beyond this, also explains electron
encircling the associated pentagon defect in analogy with the
Aharonov-Bohm effect16–20.
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Man-made hopping, chirality by design, or tunable non-
Hermiticity are all available attributes, for which topological meta-
materials are instrumental8. Owing to precise material processing and
well-established characterization techniques, 2D photonic and acous-
tic quantum Hall insulators and quantum spin and valley Hall insula-
tors, have been successfully emulated on the basis of topological
metamaterials. These artificial materials, often 3D printed, have also
been designed to probewith light21,22, sound23–27 or vibrations28, higher-
order corner states29, topological phase transitions via loss and/or
gain30, and non-Abelian physics31. Local obstructions in an order
parameter field are topological defects that withstand any continuous
lattice deformation. This latest addition to the topological metama-
terial family comprises wave-based realizations of topological
vortices32,33, disclinations34–37, and dislocations38–40.

Here, we 3D print a giant fullerene sphere containing 540 meta-
atoms encompassing a topology with 12 pentagonal among 260 hex-
agonal faces. Using sound waves, we probe the fullerene sphere with
low audio frequencies to highlight both bulk and defect states in the
Dirac spectrum. We derive a gauge theory for the 3D-printed fullerene
sphere, which is reminiscent of a homogenization approach in tradi-
tional metamaterials. This theory treats the structure as a continuum
where the lattice disappears, and the defect-pentagons are repre-
sented as puregaugefields. Basedon this approach,which shows good
agreement with numerical computations, we derive an index theorem
after Jackiw-Rossi-Weinberg to discuss the topological origin. Here, we
wish to emphasize that this index theorem pertains to the topology of
the real-space lattice, which is fundamentally different from the Bloch
band topology in periodic systems. Our audible measurements
showcase how the topological pentagon-states strongly localize in real
space within the C540 metamaterial, which, in fact, is 108 larger than its
carbon counterpart.

Results
Designing a spherical fullerene metamaterial
Borrowed from high-energy physics, we employ a gauge theory to
acquire physical insight into the problem. To treat the honeycomb

lattice in the effective limit, to first-order linear approximation,
we reduce the conventional tight-binding approach to a low-energy
Hamiltonian (as shown in Fig. 1a) H= vFσμ∂μ, where vF represents
the Fermi velocity, σμ denotes the Pauli matrices, and ∂μ corre-
sponds to the derivative operator, where μ = 1, 2. In the absence
of external fields or particle interactions, the wave function asso-
ciated with the linear Hamiltonian, i.e., the Dirac spinor Ψ (arrows
shown in Fig. 1), advances at the constant phase in the continuum,
based on the underlying uniform lattice. To create a truncated ico-
sahedron, we crop ten π

3 sections from a graphene parallelogram as
shown in Fig. 1a. Not only does this establish pentagon disclina-
tion defects, moreover, a phase mismatch arises from the broken
periodicity and an exchange among two Fermi points, when oppo-
site sides are reattached. Thus, the motion of the Dirac spinor
around the pentagon is captured by two vector fields. The first field
arises from the intrinsic manifold geometry that is identical to
the covariant derivative, which preserves the form invariance of
the Dirac equation on the manifold. The second one, inspired
by the Aharonov-Bohm effect, accounts for the twelve disclinations
whose particle phase exchange can be effectively represented by
fictitious gauge fluxes located at the pentagon centers. Reattaching
the sheet by excluding the truncated voids is accomplished by
collectively combining the twelve non-Abelian vortices representing
the pentagons14. Thus, the gauge theory approach consists of
solving the eigenvalues for a covariant Dirac operator on a
spherical surface

HsphereΨ = vF ½σaeμað∇μ � iAμÞ+ σzΔ�Ψ = ϵΨ, ð1Þ

where the fluxes associated with the twelve pentagons are accounted
for by amonopole of charge g = 3/2 located at the center of the sphere.
This procedure implies that the total flux of all pentagons is spread
uniformly at the surface of the sphere13. In Eq. (1), σa are the Pauli
matrices, Aμ is the monopole field, eaμ is the zweibein and ∇μ denotes
the covariant derivative on the spherical manifold. From here, we
obtain the closed-cage fullerene low-energy spectrum in terms of the

a FullereneGraphene b

Euclidean plane Spherical manifold

Fig. 1 | Cutting-and-gluing graphene into a fullerene sphere and the associated
continuum approximation. a A graphene flake-parallelogram is shown, illustrat-
ing a stencil comprising ten π/3 (gray) cropped sections and parts of twelve (red)
pentagons. The light gray plane represents the effective continuum sheet, where
the Dirac spinor field is indicated with arrows. b Upon removing the cutouts, and
gluing opposite sites, the gauge theory introduces fictitious magnetic fluxes

accounting for the pentagon disclinations. The closed-cage C540 fullerene sphere is
folded from themultiple-cut parallelogram,which in the continuumapproximation
creates a spherical manifold, whose central red monopole has the charge of all
individual fluxes accumulated at each pentagon. Its corresponding spinor field
creates a phase accumulation across the manifold, arising from the effective
monopole and the uniform curvature.
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angular momentum quantum number J through

ϵ =
vF
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J +
1
2

� �2

� g2 + r2Δ2

s

, ð2Þ

where r represents the average C540 radius from tight-binding
predictions18 (see Supplementary Notes 1–3 for details). Beyond this,
we also account for a Kekulé distortion Δ in the form of a mass
contribution to theHamiltonian. Aswewill see later, this termprovides
additional control over state confinement but poses no additional
gauge field contribution. In this spirit, neglecting this part (Δ =0), after
Jackiw-Rossi-Weinberg, we collect the gauge field units,

index Hsphere

� �

=
1
π

Z Z

S
∇×A � dS=4g, ð3Þ

which shows that the zero modes (eigenmodes near the zero-energy
level, i.e., the Dirac frequency) exclusively depend on the central
monopole charge g, whose strength comes from the individual twelve

pentagonfluxes41,42. Thus, a couple of zero-energy triples emerge in the
low-energy Dirac spectrum, showcasing that these six defect states
originate from a topological robust construct. Specifically, the
monopole charge of 2g = 3 yields three zero modes at each Dirac
point, totaling six zero modes due to the folding of the valley
degeneracy, which forms a double Dirac cone at the center of the first
Brillouin zone. We underline that the Jackiw-Rossi-Weinberg index
provides the number of zero modes for fullerene-like systems, unlike
the invariance characterizing Bloch band topologies.

We begin to test the above-discussed theory by numerically
analyzing the C540 metamaterial in an acoustic setting. We show that
the fundamental knowledge derived in the context of the gauge
theory, commonly employed in high-energy and Dirac physics,
equally can be transferred to studies concerning soundwave physics
(numerical and experimental details are described in “Methods”).
Hence, we mimic a fullerene sphere, whose molecules of carbon
atoms connect through single and double bonds through a 3D-
printed, interconnected hollow network as rendered in Fig. 2a. The
carbon atoms are replaced by hollow spheres made of hard

Fig. 2 | Field confinements of topological pentagon states. a Schematic of the
C540 metamaterial containing hollow spherical cavities interconnected by cylind-
rical waveguides. b The eigenfrequency spectrum is obtained from the gauge
theory (GT), a tight-binding method (TBM), and a finite-element method (FEM),
showing how the isolated pentagonal and hexagonal resonances evolve with a

Kekulé distortion through the tube-hopping diameters d2/d1. The horizontal
dashed line marks the spectral location of the zero energy. c Within the vertically
dashed lines in the spectrum of (b), we compute, using the FEM and TBM
approaches, the acoustic intensity maps for selective values of the tube-
hopping ratio.
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thermoplastic, which are interconnected by cylindrical waveguides
of diameters d1 (green) and d2 (orange), to account for the non-
uniform interatomic bonding. The index theorem predicts six
degenerate zero-energy states when d1 = d2, as depicted in Fig. 2b,
which can be grouped into two degenerate triplets based on their
inherent symmetry (see Supplementary Note 4). Here, it is seen that
the gauge theory agrees very well with the tight-binding approach
and numerical simulations, apart from some slight deviations in the
continuum approximation. These defect states that reside within the
gapped Dirac spectrum, despite being of topological origin, display
a rather poor state confinement as finite-element method and tight-

binding model predictions showcase in Fig. 2c. To strengthen the
confinement and to enable their unequivocal experimental obser-
vation, we introduce a mass term to the low-energy Hamiltonian,
which slightly shifts the pentagon state from the exact zero energy
as seen in Fig. 2b. In this prediction, it is seen how isolated penta-
gonal and hexagonal ring resonances (d2 → 0) merge throughout the
fullerene lattice within the Dirac dispersion, via the Kekulé distor-
tion as the tube diameter d2 grows. In other words, the simulations in
Fig. 2c display how exceedingly leaky pentagon states can be drag-
ged back to their sites of origin, in the formof highly localized defect
states. The tightest acoustic intensity concentration is given when
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Fig. 3 | Experimentally visualizing the topological defect states of a sonic C540

metamaterial. a 3Dprinted and assembled giant fullerenemetamaterial. Black and
red dots on the superimposed icosahedron represent the sites of the pentagons
and the fullerene center, respectively. The upper and lower pentagons are high-
lighted to distinguish experimentally the two degenerate triplets of zero modes. A
power amplifier is used to launch soundwaves through a loudspeaker inserted near
the pentagon (orange) and within the bulk of the lattice (cyan). For the spectral
measurements in (d), the bulk and five averaged pentagon siteswere probedwith a
1/4 in. condensermicrophonewhose output was digitized and processedwith a PC.
For the spatial pressure maps in (e), all sites, including and surrounding pentagon

defects, were chosen. b–e Simulated and experimentally observed acoustic pres-
sure amplitude responses, both for bulk and pentagon states within the Dirac
spectrum (gaps are highlighted by shades, and the bottom dots denote the
eigenfrequencies, with highlighted triplet pair). The acoustic field profiles of the
respective defect states are compared from predictions and experimental obser-
vations. f Overhead perspective onto opposing pentagons that are concurrently
excited with opposite (anti-phase) or same phases (in-phase), as indicated by the
respective stars. g The simulated and (h) measured pressure field distributions in
response to both anti-phase and in-phase excitations at the frequencies f = 865Hz
(T1u) and f = 869Hz (T1g), respectively.
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d2 = 0.5d1, however, for practical reasons during the fabrication, our
parameter of choice for the experimental design will be d2 = 0.7d1.

Measuring sonic pentagon disclination defects
The fullerene metamaterial assembled from twelve 3D-printed parts is
illustrated in Fig. 3a. Under the Mulliken notation43, T1g and T1u are
irreducible representations of triplets belonging to the Ih icosahedral
symmetry group whose structure is superimposed on the fabricated
fullerene metamaterial44–46. We will later discuss, on the basis of these
symmetries, how we experimentally distinguish the characteristics
among the triplet pair. Sound waves are launched from a loudspeaker
at specific sites, to excite either states in the bulk or confined to the
pentagons, from where they are probed by microphones. With an
overall diameter of 76.7 cm,we obtain a gappedDirac spectrumwhose
locations that are highlighted by shades (see Fig. 3b, d), coincide with
band structure simulations in planar acoustic graphene (see Supple-
mentary Note 2). Both in the simulations (Fig. 3b, c) and the mea-
surements (Fig. 3d, e), we inspect two spectra, of which one is probed
within 15 arbitrary spherical cavities among the hexagon network,
while topological defect excitations originate from averaging the
acoustic amplitude among all corners belonging to a single pentagon.
The agreeing simulated andmeasured spectral signatures are captured
by their respective acoustic field maps. Interestingly, it is illustrated
that the tightly confined pentagon states are both spatially and spec-
trally distinguishable. We recall that the responsibility of the Kekulé
distortion was to reduce the excessive bulk leakage of the topological
defects, while slightly off-shifting them away from zero energy. Thus,
the fullerene ground states generate a peak at 850Hz (marked by
c1/e1), whereas a higher-order excitation gives rise to a second peak at
1225Hz (marked by c2/e2), each, having their unique pentagon-
confining characteristics as the simulated andmeasured pressure field
maps illustrate. We emphasize losses have been considered in the
simulations of Fig. 3, see additional discussion in Supplementary
Note 5. The measured zero modes peak, according to the simulation
(inset in Fig. 3d), includes two degenerate triplets. With reference to
the Hückel molecular orbital theory for a C60 buckyball, which shares
identical icosahedral symmetry as our giant C540 fullerene, one triplet
is described by the T1g classification where the orbitals remain
unchanged (evenly symmetric) under inversion with respect to the
center, conversely for the T1u case, the orbitals change sign (oddly
symmetric). In our acoustic context, these symmetry relations trans-
late into pressure wave functions of equal (T1g at 869Hz) or opposite
(T1u at 865Hz) phases among opposing pentagons. To probe these
symmetry properties pertaining to individual triplets, as shown in
Fig. 3f, opposing pentagons are excited, each with a loudspeaker,
either in or out of phase. The resulting numerical simulations (Fig. 3g)
and experimental measurements (Fig. 3h) reveal, upon inversion
around the fullerene center, that opposing spatial pressure distribu-
tions map symmetrically or asymmetrically in their phases for the
acoustic triplets pertaining to the T1g or T1u groups, respectively. In
Supplementary Note 6, we discuss the topological robustness against
disorder.

Discussion
In summary, we 3D-printed thewell-known carbon allotrope, fullerene,
in the form of a giant acoustic metamaterial containing 540 meta-
atoms.Wediscussed its topological construct and ensured the tightest
possible defect state confinement, realized thanks to a Kekulé lattice
distortion. Our sonic approach enabled a hitherto unseen way to
experimentally detect and map in real space those pentagonal exci-
tations, which would appear troublesome in its otherwise natural
guise. Therefore, we foresee that such an analog platform constitutes
an indispensable setting to unlock inaccessible understanding and
visualization of nanoscale emergent phenomena. E.g., synthesized
buckyballs sheets, i.e., graphullerene, whose electronic band structure

comprises localized C60 states interacting across their hexagonal pla-
nar arrangement, have recently been reported47,48. Scaling up this
network and other complex carbon allotropes to metamaterial
dimensions will only give rise to a deeper understanding of the physics
involved when probed by sound or light.

Methods
Numerical simulations
The simulated eigenspectra and eigenfield distributions in Fig. 2 in the
main text are obtained through the finite-element-method (FEM) sol-
ver COMSOL. The physical models are designed and calculated in the
pressure acoustic module, where the air is set with a mass density of
ρ0 = 1.21 kg/m3 and a sound speed of c0 = 343m/s at the temperature of
20 °C. The frequency scanning results shown in Fig. 3b, c are generated
by introducing additional loss to the velocity of air as
c = c0(1 + 0.02i) kg/m3,mimicking the intrinsic loss encounteredduring
the experimental measurements. The boundaries of the spheres and
the interconnecting cylindrical waveguides are modeled as hard walls.
Each meta-atom, i.e., all hollow spheres, has a diameter of d0 = 3.6 cm
and a center-to-center distance of l = 4.5 cm. Their (inter-cell) diameter
d2 varies owing to the applied Kekulé distortion, while the intra-cell
diameter is fixed at d1 = 0.75 cm.

Experimental measurements
The sample was fabricated out of epoxy resin by 3D-printing twelve
pieces of the entire fullerene sphere. The experimental measurements
were conducted by inserting a speaker into the spherical cavity, with
the signals amplified by a power amplifier (BSWA TECH PA300). The
pressure fields were detected by inserting condenser microphones
(BSWA TECHModel: MPA416) into desired cavities. The output signals
were acquired by a digitizer (NI PXI-4499) and processed by the Lab-
VIEW program.

Data availability
All technical details for producing the figures are enclosed in the
manuscript and the Supplementary Information. Data are available
from the corresponding authors upon request.

Code availability
All technical details for implementing the simulations are enclosed in
the manuscript and the Supplementary Information. Codes are avail-
able from the corresponding authors upon request.
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