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Motivated by the recent experimental detection of superconductivity in Bernal bilayer (AB) and
rhombohedral trilayer (ABC) graphene, we study the emergence of superconductivity in multilayer
graphene based on a Kohn-Luttinger (KL)-like mechanism in which the pairing glue is the screened
Coulomb interaction. We find that electronic interactions alone can drive superconductivity in AB
bilayer graphene and ABC trilayer graphene with the critical temperatures in good agreement
with the experimentally observed ones, allowing us to further predict superconductivity from elec-
tronic interactions in Bernal ABA trilayer and ABAB tetralayer and rhombohedral ABCA tetralayer
graphene. By comparing the critical temperatures (7¢) of these five non-twisted graphene stacks,
we find that the ABC trilayer graphene possesses the highest T, ~ 100 mK. After considering the
enhancement of superconductivity due to Ising spin-orbit coupling, we observe that the AB bilayer
graphene has the largest enhancement in the critical temperature, increasing from 23 mK to 143
mK. The superconducting behaviours in these non-twisted graphene stacks could be explained by
the order parameters (OPs). The OPs of Bernal stacks preserve intravalley Cs symmetry, whereas
rhombohedral stacks break it. In all stacks, the OPs have zeroes and change sign between valleys,
which means that these multilayers of graphene are nodal spin-triplet superconductors. Moreover,
dressing the purely electronic interaction with acoustic phonons, we observe minor changes of the
critical temperatures in these five stacks. We adopt the KIL-like mechanism to investigate the tend-
ency of superconductivity in multilayer graphene without fitting parameters, which could provide
guidance to future experiments exploring superconductivity in non-twisted graphene.

I. INTRODUCTION Previous theoretical works have proposed three main

candidates for the pairing in these all-carbon systems:

Recent experiments on Bernal bilayer (AB) and rhom-
bohedral trilayer (ABC) graphene reveal cascades of
correlated phases and superconductivity, thus provid-
ing a platform to study correlation effects in ultra-clean
graphene-based systems [1-8]. These non-twisted stacks
show plenty of advantages, for instance, they are com-
mon allotropes of graphene and are quite stable, in con-
trast to twisted stacks, which suffer angle disorder [9]
and strains [10], require careful fabrication techniques to
control the twist angles and yield superconductivity that
depends sensitively on the angle [11].

Ample evidences show that the superconductivity de-
tected in these non-twisted multilayer graphene is un-
conventional, for a review see Refs. [12, 13]. Up to now,
there is still no sufficient experimental evidence for the
mechanism and pairing symmetry of these systems. How-
ever, both AB and ABC graphene show large Pauli limit
violations, evidence of spin-triplet pairing, and supercon-
ductivity next to flavour symmetry breaking transitions
[2, 3, 6]. Strikingly, an in-plane magnetic field promotes
a spin-triplet superconducting state in AB graphene [3],
and so does Ising spin-orbit coupling (SOC) [6, 8]. These
phenomena point to a purely electronic pairing mechan-
ism.
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electron-phonon coupling [14-17]; flavour fluctuations in
proximity to symmetry broken phases [18-23]; and the
Coulomb interaction, either the screened long-range po-
tential [24-29] or the short-range interaction [30-32]. Sev-
eral theoretical works have advanced the proposal that
the Coulomb interaction suffices to drive superconduct-
ivity in AB and ABC graphene. In particular, Ref. [24]
performs a Random Phase Approximation (RPA), Kohn-
Luttinger-like analysis and shows that the screened long-
range Coulomb interaction accounts for the critical tem-
peratures obtained in experiments. Furthermore, it cap-
tures the enhancement of superconductivity due to Ising
SOC induced by proximity to a substrate and also pre-
dicts the form of the superconducting order paramet-
ers for AB and ABC graphene, which reveal nodal
spin-triplet superconductivity when spin-orbit coupling
is absent, and nodal Ising superconductivity when it is
present.

Superconductivity has not yet been found in Bernal
ABA trilayer graphene, Bernal ABAB tetralayer
graphene or rhombohedral ABCA tetralayer graphene. A
reasonable question is whether superconductivity exists
in these stacks. Several theoretical works predict that su-
perconductivity indeed exists in the ABCA graphene [15,
33]. Here we work in the RPA, Kohn-Luttinger-like
framework and use a full-scale tight binding (TB) model
to predict superconductivity from electronic interactions
in hole-doped Bernal ABA trilayer and ABAB tetralayer
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Figure 1. The lattice structure of AB-stacked graphene. (a)
The 2D crystal structure of AB-stacked graphene, with by and
b representing the primitive translation vectors. (b) The 3D
crystal structure and some representative hopping parameters
between atoms.

and rhombohedral ABCA tetralayer graphene. By com-
paring them to AB bilayer and ABC trilayer graphene, we
study the tendency of superconductivity in non-twisted
multilayer graphene as a function of the number of layers
and their stacking. We also take into account dressing by
phonons.

Our results show that all these stacks are supercon-
ductors and that the pairing glue is the Coulomb interac-
tion. ABC trilayer graphene stands out as the stack with
the highest critical temperature. Furthermore, the Ising
SOC increases the T, of every stack, but it is most benefi-
cial for the AB bilayer. The superconducting order para-
meter in Bernal stacks is C3-symmetric and has intraval-
ley extended s-wave symmetry. In contrast, the order
parameter in rhombohedral stacks breaks C3 symmetry
and has intravalley p-wave-like symmetry. Our results for
the AB bilayer and ABC trilayer graphene are in excellent
agreement with experiments [2, 3]. Consequently, predic-
tions of superconductivity in ABA, ABAB and ABCA
graphene may provide guidance to future experiments.
The paper is organized as follows, first we describe the
TB model, RPA and Kohn-Luttinger-like approach in
Sec. II. Then we present the results for the critical tem-
peratures and superconducting order parameters of the
five different graphene stacks in Sec. I1I. Finally, we dis-
cuss and summarize our work.

II. NUMERICAL METHODS
A. Tight-binding model

We employ a TB model to calculate the band structure
of multilayer graphene systems. We briefly introduce this
model via the AB bilayer graphene case. The term AB
refers to shifting one of the graphene layers in the direc-
tion along one-third of the translation vector by + bs, as
shown in Fig. 1(a). The lattice structure and represent-
ative hopping parameters are shown in Fig. 1(b). Each

unit cell of AB bilayer graphene consists of four atoms,
A; and B; (i = 1,2). Taking into account one p, orbital
per atomic site, the TB Hamiltonian of the AB-stacked
graphene is a function of the momentum k in the first
Brillouin zone (BZ) [35]. In the basis {41, By, As, Ba} it
is given by:
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(1)
where 7y describes the nearest neighbor hopping amp-
litude between the atoms within the same layer, ~; (i=1,
3, 4) refers to the interlayer hopping parameters and A;
represents the interlayer potential difference between two
nearest layers, which can be generated by applying a per-
pendicular electric field to the graphene system. 0 is the
on-site potential term that only exists at sites A; and Bs,
which have neighbors in the adjacent layers. The function
u(k) = e kva/V3 4 96ikya/2V3 cog(k,a/2) describes the
hopping between nearest carbon atoms, with a = 0.246
nm and dg = 0.333 nm representing the lattice constant
and interlayer distance of graphene, respectively. All the
hopping parameters in different multilayer graphene are
tabulated in Table I. Note that the parameters 2 and 75
are extra parameters in trilayer and tetralayer graphene,
which indicate the next-nearest interlayer interactions
between atoms from the first and third layers. For more
details about the TB parameters, please refer to Refs.
[34-37].

B. Screened Coulomb interaction

In this part, we analyze the effect of metallic gates,
electronic interactions and acoustic phonons in the
screening of the Coulomb potential by means of the RPA,
following the procedure shown in [38-40]. Firstly, we as-
sume that the bare Coulomb potential in the graphene
multilayer is affected by the experimental set-up, in
which the multi-layer is commonly placed within two
metallic gates. Referring to Refs. [38, 41], we set this
distance to be the same for the top and bottom layers,
with a value of d = 40 nm. The dual-gated Coulomb po-
tential has the following expression in momentum space
[40]:

27e?
Ve(q) = —— tanh (|q|d) (2)
¢|ql
where e is the electron charge and ¢ = 2.7 [42] rep-

resents the dielectric constant due to encapsulation of
the systems. Notably, from our results (details in Ap-
pendix A), the superconductivity of multilayer graphene
depends weakly on the value of e.

The diagrams that describe the screened interaction
are shown in Fig. 2(a). The straight blue lines stand



Table I. The hopping parameters and on-site energies in multilayer graphene systems [34, 35].

H Parameters (eV) Yo 7 V2 Vs V4 Vs g H
AB bilayer 3.16 0.381 — 0.380 0.140 — 0.022
ABC/ABA trilayer 3.10 0.370 -0.032 0.300 0.040 0.050 0.040
ABCA/ABAB surface bilayer 3.18 0.390 -0.012 0.300 0.040 0.020 0.050
ABCA/ABAB bulk bilayer 3.18 0.385 -0.012 0.250 0.030 0.020 0.050
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Figure 2. Feynman diagrams describing the screened Cou-
lomb potential. (a) The red wavy line represents the total
screened potential V%! (q) while the black wavy line is dual-
gated Coulomb potential Vo (q). (b) Renormalization of the
Coulomb potential, and the blue diamond describes the total
screened polarizability I1°°/(q). (c) Renormalization of the
bare electronic polarizability T1¢°(q). The straight blue lines
stand for the electron-acoustic phonon coupling V? h(q)

for the long-range acoustic phonons coupling to the elec-
trons, which contributes to the screened Coulomb inter-
action [40, 43]. We consider that longitudinal phonons
and electrons couple through the deformation potential
Vp in the graphene system. This interaction can be de-
scribed by a momentum and frequency-dependent poten-
tial VP"(q,w) given by:
ph _ V[%‘QP
V) = @ = ol )

where p is the mass density, vs = /(AL +2ur)/p is
the velocity of sound and A; and pj are the elastic
Lamé coefficients [44]. In the following we take the zero-
frequency limit of Eq. (3) which translates into a mo-
mentum independent electron-phonon interaction, given
by:
ph _ VD2
V) = (@)

We set Ap + 2ur = 2 x 103 eV - nm~2 [40] and con-
sider that the deformation potential is given by Vp =
20/ V'N, where N is the number of layers of the mul-
tilayer graphene, for details see Appendix B. These con-
siderations lead to VP = —0.2/v/N eV - nm? for any
momentum k;, although for computational simplicity we
set an ultraviolet cut-off q., defined by |q.| = |qx|/10,
where qg is the Dirac point momentum.

We apply the RPA [45-47] to compute the renormal-
ization of the Coulomb potential, as shown diagrammat-
ically in Fig. 2(b). The total screened Coulomb potential
Viot(q) due to both electron-hole excitations and acous-
tic phonons coupling with electrons can be written as:

tot _ Ve(a)
Vscr (q) - 1— VC(q)HtOt (q) (5)

where the polarizability II*!(q) including -electron-
acoustic phonon coupling can be written as the renor-
malization of the bare electronic polarizability I1¢¢(q):

tor Hele
1) = gy )

where the bare electronic polarizability I1¢¢(q), depicted
as a black oval in Fig. 2, is described as [48-50]:

ele _ 9s f(fn,k) - f(é-m,k+q)
Hl@“MﬂCE:

K,mm €nk — €m k+q (7)
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Here g; = 2 stands for the spin degeneracy, N¢ is the
number of unit cells in the system, which we set up
to N = 3 x 10% after analyzing convergence of the
calculations, A¢ = ‘ET“Q is the area of each unit cell,
f(€nx) = 1/(1 + efnx/k8T) is the Fermi-Dirac distri-
bution, with &,x = €,k — p, being p the Fermi en-
ergy. |¢nk) and e,k are the wavefunction, kp is the
Boltzmann constant, and the corresponding n-th band
energy with momentum k.

The total screened potential V' (q) in Eq. (5) in-
cludes screening due to both electron-electron interac-
tion and electron-phonon interactions. To investigate
the effect of the electron-phonon interaction on the su-
perconductivity, we also study the potential due to only
electron-electron interactions, given by:

ele _ VC(q)
ﬂﬂw‘l—wmmmm>

In the following, we compare the results considering
the two possibilities for the screened potential: either it
comes from electron-electron interactions alone, Eq. (8),
or it comes from these interactions plus electron-phonon
dressing, Eq. (5). In Fig. 3 we show the screened po-
tentials in both cases for the five different multilayer

(8)
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Figure 3. (Top panel) Momentum space screened Coulomb potential due to electron-electron interactions only, Vfclf(q) in the
five multilayer graphene stacks. (Bottom panel) The corresponding screened Coulomb potential V% (q) due to both electron-
electron interactions and electron-phonon coupling. The interlayer potential is set to A; = 50 meV in all cases.

graphene stacks. The potentials are plotted near the cen-
ter of the first BZ. The main feature of the potentials
is that the minimal values are at q = 0, and increase
with q. The inclusion of electron-phonon coupling leads
to small attractive regions near q = 0, which do not signi-
ficantly change the real-space screened potential, details
in Appendix C.

C. Superconductivity: Kohn-Luttinger-like
mechanism

In the Kohn-Luttinger (KL) mechanism the supercon-
ducting instability is driven by the screening of the in-
teracting potential, which at long-range manifest an os-
cillatory behaviour giving room for the appearance of at-
tractive regions that promote the formation of Cooper
pairs [43]. At an effective level the interacting potential
is a combination of all possible interactions present in the
system, such as the direct Coulomb, the exchange or the
electron-phonon interactions, among others. In this work
we consider the direct Coulomb interaction to infinite or-
der via the RPA, along with the electron-phonon dress-
ing, while we omit the exchange potential. This approx-
imation can be safely done since in the case of graphene-
based systems the number of flavours is up to 4, implying
that the direct diagrams are four-fold degenerate in con-
trast to the exchange interactions, see Refs. [24, 25].

The KL-like approach to the problem leads to a self-
consistent linearized gap equation [51] given by:

Z/ /k/ NCA
x G (K, ihw)GH' (-

A” scr k kl)
(9)
K, —ihw) A7 (K')

where G#¥' (k, Fihw) = > %

tion with ¢,4" labelling the atom position in the unit
cell lattice while w stands for the Matsubara frequen-
cies. The V.. can be the total screened Coulomb poten-
tial due to electronic interactions plus electron-acoustic

is the Green func-

phonon coupling from Eq. (5) or the purely electronically
screened Coulomb potential from Eq. (8). Equation (9)
can be rewritten by applying the Matsubara sum [52, 53]:

A (K) = " Ty (K, K)A™ (K')

k’,n,n’

(10)

where A™™ (k) describes the amplitude of the Cooper
pairing between bands m and m/. The Hermitian kernel
Trmnmns (K, k') can be written as [24]:

1
NcAC
X <wm,k|wn,k’> <¢n/,k|7/}m/,k’>

x f(_gm’,k) - f(fm,k) f(_fn’,k’) - f(fn,k/)
fm’,k + gm,k gn”k’ + gn,k’
(11)
After these transformations the gap equation in Eq.
(10) is directly solved when the largest eigenvalue of the
kernel reaches a value of one, establishing the onset for
the superconducting phase as a function of the temper-
ature and Fermi energy. To reduce the computational
complexity of the eigenvalue problem we impose an en-
ergy cut-off for states that form the kernel. This means
that we only consider states with an energy close to the
Fermi level, i.e. |§ k| < €. We set . = 3 meV, which is
large enough for the convergence.

me/nn’ (k7 k/) = - ‘/scr(k - k/)

III. RESULTS
A. Band structures and density of states

We first calculate the band structures and density of
states (DOS) of the graphene multilayers. It is well known
that the external perpendicular electric field opens a gap
at charge neutrality (CNP) and quenches the band bor-
ders of the low energy bands [35, 54], enhancing the dens-
ity near the CNP and leading to van Hove singularities
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Figure 4. (a) Band structures and DOS near the CNP in multilayer graphene. (b-f) Superconducting critical temperatures
versus Fermi energy near the VHS in five different multilayer graphene stacks, due to electron interactions only or taking into

account also the effects of electron-acoustic phonon coupling.

(VHS) in multilayer graphene systems. We set the inter-
layer potential to A; = 50 meV (results of different A; in
Appendix D), and mainly focus on the effects of different
stackings and different number of layers. In Fig. 4(a),
we show the lowest energy band in the hole side near
the CNP of multilayer graphene. “Mexican hat” profiles
appear at the band edges due to the presence of the per-
pendicular electric field, making the density diverge log-
arithmically. The DOS of these graphene stacks behave
differently under the same electric field, which partly ex-
plains the differences in the screened Coulomb interac-
tion seen in Fig. 3. Note that the ABC trilayer graphene
possesses the maximum value of the density at the VHS
in Fig. 4(a). The strength of the electric field changes
the DOS in the graphene stacks as well, which is bey-
ond the scope of this paper [15]. We mainly focus on the
effect of the number of layers and their stacking on the
superconductivity of non-twisted multilayer graphene.

B. Critical temperatures

The superconducting critical temperatures around the
VHS are obtained by solving the Eq. (10). In Fig. 4(b-f),
we show the critical temperatures T, as a function of the
Fermi energy p for the five graphene stacks. The crit-
ical temperatures strongly depend on electron filling and
reach the maximum values near the energy at which the
DOS diverge. We present the results obtained from the
purely electronic interaction and compare them with the
results including electron-phonon coupling. The critical
temperatures T, increase only a few milli-Kelvin when in-

cluding the electron-phonon coupling, which means that
phonons have negligible contribution to the supercon-
ductivity.

Recent experiments on superconductivity in AB- and

ABC-stacked graphene [2, 3] measure T2 = 26 mK and

exp
TABC =106 mK, respectively. We first apply our mech-

anism to the T, calculation in these two systems [55],
with potential bias A; = 50 meV. As shown in Fig. 4(b,
d), we obtain TAP ~ 23 mK and TA2¢ ~ 160 mK. Our
calculated results match very well with the experimental
values of T,. This agreement with the experiments shows
the prospective reliability of our mechanism.

Among these five stacks, rhombohedral ABC trilayer
graphene has the highest T, ~ 100 mK, while all other
stacks (surprisingly even rhombohedral ABCA tetralayer
graphene) have a T, lower than 40 mK. This has the
important implication that 7, is not strongly correlated
with the number of layers. Other features, such as the
form of the order parameters, are much more relevant
for superconductivity, as discussed below. These results
provide guidance to future search for superconductivity
in non-twisted multilayer graphene.

C. Ising superconductivity

Recent experimental findings [6, 8] indicate that, in the
presence of Ising SOC, AB bilayer graphene is an Ising su-
perconductor, which means that it has spin-valley locked
Cooper pairs of type e.g. |[KT, 1K™, ]), with only one
spin orientation per valley. To a first approximation, the
effect of Ising SOC is to raise two flavours with respect
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Figure 5.

(a) Bands and DOS near VHS in multilayer graphene, with displacement field A; = 50 meV. (b)-(f) Critical

temperature of multilayer graphene with and without Ising SOC, with fermi energy near VHS.

to the other two, separating them by an energy Ay ~ 1-2
meV. This breaks the equivalence between Cooper pairs
K+, 1K™, ])and |[KT, |; K™, 1) and splits the four-fold
degenerate VHS into two VHS which are two-fold degen-
erate, which leads to two superconducting sleeves in the
phase diagram of bilayer graphene [8]. In our framework,
the energy splitting results in a modified susceptibility.
Here we focus only on the VHS that appears at lower
Fermi energy after the splitting, dubbed “SC2” in Ref.
[8], which shows stronger superconductivity. The largest
contribution to the susceptibility comes from this VHS,
while the one at higher Fermi energy gives a small con-
tribution, which we neglect here. Therefore, we approx-
imate the spin-valley locked susceptibility by putting a
factor of gs = 1 instead of 2 in Eq. (7). The quality of
this approximation is discussed in Ref. [24]. Compared to
a calculation that includes both contributions, we expect
that the results presented here slightly overestimate 7.
However, they should give the right order of magnitude
and allow us to identify trends.

We present the critical temperatures in different
multilayer graphene stacks with spin-valley locking in
Fig. 5,. AB bilayer graphene shows the largest enhance-
ment, with maximum 7, increasing by a factor of 6, from
23 mK to 143 mK due to electron-electron interactions
only. The superconductivity also occurs within a 7
times wider Fermi energy range, from 0.05 meV to 0.35
meV. These two features are in good agreement with
recent experimental observations, in which factors of 10
times enhancement and 8 times wider energy range have
been observed [6, 8]. In ABA and ABAB stacks, for
which the nearly constant sign of the order parameters
suggests that intervalley (short-range) interactions are
dominant, Ising SOC leads to more modest increments.

This is reasonable because SOC does not change much
the screened potential at the large q that corresponds to
intervalley scatterings. Notably, rhombohedral trilayer
(ABC) graphene experiences the smallest increment
in T,, suggesting that intervalley interactions are also
important in this material. Interestingly, the ABCA
stack also has a significant enhancement of supercon-
ductivity due to Ising SOC, which could be induced
by placing monolayer tungsten diselenide (WSey) on
graphene stackings [6, 8]. Therefore, stacking WSes
on this material should help to find superconductivity
experimentally.

D. Order parameters

Figure 6(a-j) displays the superconducting order para-
meters A(k) in the K and K’ valleys of the five graphene
stacks, in which only the electron-electron interaction
is considered. The OPs reveal a wealth of information
near the VHS. For example, in Bernal-stacked (AB, ABA
and ABAB) graphene, A(k) preserves C3 symmetry, and
has intravalley extended s-wave symmetry. In contrast,
in rhombohedral-stacked (ABC and ABCA) graphene,
A(k) breaks Cs5 symmetry and has two-fold degener-
ate eigenvalues and p-wave-like symmetry. This is a sig-
nificant difference between Bernal- and rhombohedral-
stacked graphene. Some important similarities are also
found in all order parameters. First, all the stacks show
sign change and nodes within each valley. Second, all
stacks change sign between valleys K and K’. As the total
electron wave function must be anti-symmetric, this im-
plies that all these graphene systems are valley-singlet,
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Figure 6. (a-e) Superconducting order parameters near K valley in the first BZ of multilayer graphene with interlayer potential
A =50 meV and maximum critical temperatures T.. (f-j) Order parameters near K’ valley in the first BZ.

spin-triplet superconductors. Moreover, we investigate
OPs with varying p in the Appendix E, suggesting that
the stability of the order parameters near VHS.

Once again, ABC-stacked graphene stands out due to
its extended and balanced intensity stripes of oppos-
ite signs, which induce strong superconductivity. The
nearly annular shape of the Fermi surface of ABC tri-
layer graphene can lead to nesting, which is expected to
be beneficial for superconductivity driven by Coulomb in-
teractions [28]. This also helps to explain why the ABC
stack has higher T, than the other four stacks. Finally,
we note that the OPs reported here for AB bilayer and
ABC trilayer graphene are in excellent agreement with
those found in Ref. [24] within a continuum model.

Some previous theory works [14, 15, 17] have pro-
posed a direct electron-acoustic phonon interaction as re-
sponsible for superconductivity in non-twisted multilayer
graphene. We believe that our purely electronic theory is
much more likely to hold, for the following reasons: i)
Our KL-like approach captures the enhancement of su-
perconductivity due to Ising SOC in excellent agreement
with experiments [6, 8], both in terms of the increment
in superconducting T, as well as the increment of the
filling range over which superconductivity occurs, see Fig.
5 and discussion below. Moreover, the theory captures
this enhancement in a natural way: the flavour polariz-
ation due to Ising SOC increases the magnitude of the
screened potential, and it does so without changing its
crucial unconventional shape [56] (the potential is min-
imum at k=0 and grows with momentum). Such change
in the screened potential directly leads to stronger su-
perconductivity in our formalism. This is in contrast to
theories in which new physical processes are invoked to
explain the enhancement [16]. ii) The KL-like theory has
no free parameters, in contrast to other theories, both
electronic and conventional. iii) Our mechanism, which
involves only electrons interacting, is simpler than the
one that involves interactions between two types of spe-
cies, electrons and phonons. iiii) The KL-like theory leads

to critical temperatures in very good agreement with ex-
periments, e.g. T, ~ 25mK in bilayer graphene. In con-
trast, phonon-mediated theories lead to T, ~ 1K, unless
a detrimental effect of Coulomb interactions is assumed,
something that, as we show here, need not be the case.

IV. DISCUSSION

The discovery of superconductivity in non-twisted sys-
tems without a moiré pattern, for example, AB bilayer
and ABC trilayer graphene [2, 3, 6], brings forth a new
stage in the field of graphene superconductors. With the
picture of twisted graphene superconductors growing in-
creasingly complex, reaching first an understanding of
their non-twisted counterparts is a promising route to
advance the field. Here, we have established that the
screened Coulomb interaction alone explains supercon-
ductivity in AB bilayer and ABC trilayer graphene, see
also Refs. [24-32]. Furthermore, we predict that the Cou-
lomb interaction leads to superconductivity in the ABA
trilayer and the ABAB and ABCA tetralayers, non yet
found in experiments. Note that the Kohn-Luttinger-like
framework has no free parameters fitted to match ex-
perimental results, and yet the calculated superconduct-
ivity match well the reported experimental results. We
also dress the Coulomb interaction by acoustic phonons.
Comparing the critical temperatures obtained with and
without phonon dressing, we find that phonons play a
secondary role in all cases. The results presented here
suggest that the strength of superconductivity is not lin-
early correlated with the number of layers, but rather
with more subtle features such as the characteristics of
the Fermi surface [28].

We show that Ising SOC promotes superconductiv-
ity in multilayer graphene, especially in the AB bilayer
and ABCA tetralayer graphene. The RPA, KL-like mech-
anism for superconductivity offers a simple explanation
for the enhancement of superconductivity due to Ising



SOC [6, 8]. We note here two key aspects of the mech-
anism [24]: Firstly, the screened potential is minimum
at ¢ = 0 and grows with q; Secondly, such uncon-
ventional dependence allows order parameters with sign
changes [56]. Spin-valley locking reduces the screening.
The screened potential retains its peculiar momentum
dependence, but increases in magnitude. This reinforces
interactions between states with different signs within
the OP, which strengthen superconductivity. In fact, the
reduced screening also reinforces interactions between
states with the same sign, which are detrimental for su-
perconductivity, but the former interactions prevail. Al-
though somewhat paradoxical, this suggests that, once
there is a repulsive potential as pairing glue, such that
its shape favours superconductivity, the more repulsive
the potential the better for superconductivity. Ising SOC
also leads to spin-valley locked order parameters in these
materials [24], characteristic of Ising superconductivity.
Such a state cannot be described as singlet or triplet.

The order parameters provide deeper insights into the
nature of superconductivity. All graphene superconduct-
ors studied here, both Bernal-stacked and rhombohedral-
stacked, share the following features: i) The OPs change
sign between valleys. Since the electron wave function
is anti-symmetric, this means that the pairs are spin-
triplets. This also implies that short-range disorder is
pair-breaking. ii) The OPs have changes in signs and
nodes within each valley. As a consequence, the long-
range disorder is also pair-breaking. Such order paramet-
ers are favoured by the peculiar form of the screened Cou-
lomb potential [56]. These sign changes are features of
superconductors with weak coupling, in which the sym-
metry is p- or f-wave [25]. However, there are also im-
portant differences: i) The OPs of Bernal stacks are Cs-
symmetric, and display extended s-wave symmetry. This
is consistent with the recent experiment [7] on AB bilayer
graphene, which reveals spontaneous momentum polar-
ization (Cs-symmetry breaking) all across its phase dia-
gram, except in stripes at phase boundaries like the one
in which superconductivity emerges, which preserve Cj
symmetry. In contrast, the OPs of rhombohedral stacks
break C5 and have p-wave-like symmetry. This suggests
that momentum polarization also exists in the phase dia-
gram of rhombohedral stacks, and even in the super-
conducting phase. ii) The OP of rhombohedral ABC
graphene has balanced intensity stripes with opposite
signs, which indicate that intravalley (long-range) scat-
terings boost the strong superconductivity of this mater-
ial. iii) The OPs of Bernal ABA and ABAB graphene
have a dominant sign within the valley with a few hot-
spots of opposite sign, which suggests that the intervalley
(short-range) interaction is the main contribution to su-
perconductivity.

V. ACKNOWLEDGEMENTS

We thank Pierre A. Pantaleon, Tommaso Cea and Yun-
hai Li for their useful discussions. This work was suppor-
ted by the National Natural Science Foundation of China
(Grant No. 12174291) and the National Key R&D Pro-
gram of China (Grant No. 2018YFA0305800). IMDEA
Nanociencia acknowledges support from the “Severo
Ochoa” Programme for Centres of Excellence in R&D
(CEX2020-001039-S / AEI / 10.13039/501100011033).
7.7. acknowledges support funding from the European
Union’s Horizon 2020 research and innovation pro-
gramme under the Marie Sktodowska-Curie grant agree-
ment No 101034431 and from the “Severo Ochoa” Pro-
gramme for Centres of Excellence in R&D (CEX2020-
001039-S / AEI / 10.13039/501100011033). Numerical
calculations presented in this paper have been performed
on the supercomputing system in the Supercomputing
Center of Wuhan University.

Appendix A: Dependence of superconductivity on
the background dielectric constant ¢
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Figure 7. Superconducting critical temperatures of different
graphene systems, as a function of the background dielectric
constants €. (a) Due to electron-electron interactions only.
(b) Considering also electron-acoustic phonon coupling.

We investigate here the effects of changing the dielec-
tric constant due to hBN encapsulation, €, which is the
least well determined parameter in our model. Figure 7
shows the critical temperatures of the five multilayer
graphene stacks for different values of €. The results show
that increasing the dielectric constant has only a weak
impact on superconductivity in every stack. This implies
that our results are robust against changes in the dielec-
tric constant.

Appendix B: Coupling between charge oscillations
and longitudinal acoustic phonons in multilayers

We analyze the coupling between charge oscillations
and longitudinal accoustic phonons in multilayers. We



show that in system with IV layers the deformation po-
tential Vp is renormalized to Vp/ \/(N ). Within layer 1,
we assume lattice displacements {u;,u; } lead to a strain
tensor uf, 5 = (Jaufs +dpus,)/2, where o, B = x,y. These
strains lead to an electrostatic potential defined as:

) =Vp Y ul, (B1)
a=x,y
This potential changes the energy of the layer by:
SE' = p'(r)V'(x) (B2)

where p’(r) describes the electronic charge in layer i. The
displacements, u} 4 2+ UWa0,,, induced by a longitudinal
acoustic (LA) phonon of momentum {k,, k,}, are such
that the vectors 4% , and k are parallel. Then, quantiz-
ing Eq. (B1) and Eq. (B2), the coupling between charge
fluctuations and LA phonons is:

= Z pzq|q|ﬁiAq =
q

S h it i
= Vo 3Pl g gy (Pa + o)

(B3)

[
e—ph

where m is the mass density, and the phonon frequency
is:

wra(q) = v/lql (B4)
where the longitudinal sound velocity is:
A+2
ok =\ [AT 2k (B5)
m

where A and p are elastic Lamé coefficients.

We neglect the elastic interactions between layers in
the multilayer. Then, the phonons of the layers are not
coupled. The electron-phonon coupling of the whole sys-
tem is:

Z Pq ( LAq T biLAq)

(B6)

He —ph = VD Z|q| 2mw A

We make a canonical transformation on the phonons, and
define:

2mli
LAq Z 6J bLAq (B7)

where [ = 0,---, N —1 and j is the imaginary unit. Using
this transformation, we can write:

h bLAq b9 aq ;
Heopn =V Dl \ 2mwra(a@) VN Z Plat
q

(B8)

The operator pq = Ez inA q describes a charge fluctu-

ation of the entire multilayer. The phonons in Eq. (B7)
with [ # 0 couple to charge fluctuations of individual lay-
ers which average to zero over the multilayer, so that they
do not induce electrostatic potentials at distances larger
than the width of the multilayer. Hence, the coupling of
phonons to long range charge oscillations, averaging over
all layers, can be written as:

h ) (bLAq + bLAq)

Vb
HE*ph ~ 47\7 ¥|q| 2meA(q
(B9)

Appendix C: Screened potential in real space
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Figure 8. The real-space screened potential, as a function of
x, in five graphene systems. (a) V', screened potential with
only electron-electron interactions. (b) V!, total screened
potential including also the acoustic phonon-electron coup-
ling.

In Fig. 3 of the main text we have presented the
screened potentials of the five stacks in momentum space.
It is also illustrative to compute their real space pro-
files, which are given by the Fourier transform of the
momentum-space potentials:

V;le/tot(x) _ A]\?Z ZV;le/tot(k)e—ik-x (Cl)
k
k

where x is the distance, Agy is the area of the BZ and
Ny, is the total k points spread inside the BZ.

Figure 8(a) shows the results of the real space screened
potential in all stacks, due to electron-electron interac-
tions only. All potentials, originally repulsive, oscillate
and develop attractive minima at some distances, sim-
ilar to the phenomenon of Friedel oscillations. These dis-
tances roughly correspond to the sizes of the formed
Cooper pairs. It is worth noting that in rhombohedral
(ABC and ABCA stacks) the minimum develops around
4 nm, in very good agreement with the result of Ref. [25],
while in Bernal stacks the minimum is shallower (except
in the bilayer) and develops at larger distance ~ 10 nm.



As shown in Fig. 8(b), including dressing by phonons
barely modifies the real-space screened potential, which
is consistent with the minor effect of phonons on the su-
perconductivity.

Appendix D: Maximum critical temperatures at
different displacement fields
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Figure 9. The maximum critical temperatures in multilayer
graphene with varying displacement fields A;.

We compare the maximum critical temper-
atures in  multilayer = graphene  with  varying
Ay = 25, 50, 75, 100, 125 meV, shown in Fig. 9.
The background dielectric constants is set to € = 2.7.
With varying displacement fields, ABC graphene has
maximum 7. ~ 160 mK near A; = 50 meV. For the AB
stacking, the maximum 7, is achieved with A; = 100
meV. For the rest of stackings, the electric field has a
minor change to the T..
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Appendix E: Stability of the order parameters
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Figure 10. DOS in AB and ABC graphene with varying Fermi
energy near VHS, where the insets are the superconducting or-
der parameters. The blue lines represent the range of p where
OPs maintain the same shapes. (a) OPs in AB graphene. (b)
OPs in ABC graphene.

We investigate OPs with varying p near VHS. We take
OPs in AB and ABC graphene with A; = 50 meV as ex-
amples, which are representative of the Bernal and rhom-
bohedral graphene. As shown in Fig. 10 (a) and (b),
superconducting OPs will maintain C5 symmetry in AB
graphene with doping density close to VHS, while OPs
of ABC graphene will break this symmetry. These find-
ings suggest the stability of OPs in multilayer graphene
near VHS. For Fermi energy not close to VHS, OPs show
totally different shape and symmetry in both cases. Es-
pecially in ABC graphene, in the first inset of Fig. 10
(b) the OPs perform C3 symmetry. These results are the
same as the findings in Ref. [28]. These phenomena are
also detected in other Bernal and rhombohedral graphene
stacks, which are not shown here.
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